13.8 The Divergence Theorem

SECTION 13.8 THE DIVERGENCE THEOREM

B Click here for answers.

1. Verify that the Divergence Theorem is true for the vector field
F(x,y,z) = Xxzi + yzj + 322k on the solid bounded by the
paraboloid z = x? + y? and the plane z = 1.

2-12 m Use the Divergence Theorem to calculate the surface
integral ([ F - dS; that is, calculate the flux of F across S

2. F(x,y,z) = 3y%%i + 9x?yz?] — 4xy?Kk,
Sisthe surface of the cube with vertices (=1, +1, +1)

3. F(x,y,z) = x?yi — x%j + 22y K,
Sisthe surface of the rectangular box bounded by the planes
x=0,x=3y=0y=2:z=0adz=1

4. F(x,y,z) = —Xzi — yzj + Z?k,
Sisthe ellipsoid x¥/a? + y%/b? + z%/c* = 1

5. F(x,y,z) = 3xyi + y?j — x?y*Kk,

Sisthe surface of the tetrahedron with vertices (0, 0, 0),
(1,0,0),(0,1,0),and (0,0, 1)

6. F(x,y,z) = x3i + y3j + 2%k,
Sisthe sphere x®> + y?> + 22 =1

B Click here for solutions.

1. F(x,y,z) = x3i + 2xz%] + 3y*zk,
Sisthe surface of the solid bounded by the paraboloid
z = 4 — x? — y? and the xy-plane

8. F(x,y,2) =ye’i + y?j + evKk,
Sisthe surface of the solid bounded by the cylinder
x>+ y?*=9andtheplanesz =0andz =y — 3

9. F(X,y,z) = zcosyi + xsinzj + xzk,
Sisthe surface of the tetrahedron bounded by the planes
x=0,y=0,z=0ad2x+y+z=2

10. F(x,y,z) = (x + &™9) i + 3xe¥j + (cosy — z) k,
Sisthe surface with equation x* + y* + z4 =1

1. F(x,y,2) = xy?i + yzj + zx?k,

Sisthe surface of the solid that lies between the cylinders
x? + y? = 1and x? + y? = 4 and between the planes z = 1
andz =3

12. F(x,y,2) = (X* + y2)i + x%]j + xy?Kk,

Sisthe surface of the solid bounded by the spheres
X2+ y?+z2=4andx®*+y?*+:2=9
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1. divF = 82, so

[f[ydivEdV = [ [\ [, 8zr dz drdf
=27rf01 (4r — 4r®) dr = &7
OnSi:F=zi+yj+3k n=kand
ffle~dS:ffsl3dS:37r.
On Sy F = (:L’3 +:ry2) i+ (y3 +yx2)j+3 (:L’2 +y2)2k,
—(rz Xry) =22i+2yj—kand
ffst'dSfo2 y2<1(—x4—y4—2mzy2) dA
= [ 01r5drd0——

0
HenceffSF~dS—37r—§:§7r.
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. 1o} 0 0
2. divF = B (3y°2°%) + 3 (92%y2") + 5 (4zy?)

= 9z%2°
so by the Divergence Theorem,
[[¢F-dS = [[[,92°2*aV
= f,ll f,ll fil 92222 dedydz = 8

. 1o} 0 0
3. divF = o ($2y) + (9_y (—x2z) + 22 (z2y)

= 2zy + 2zy
so by the Divergence Theorem,
JIsF-dS = [[[, 2uy +2yz)dV

= folfozfos (2zy +2yz)derdydz = 24
4 divF = o (—e2) + 5o (—y2) + 5 ()

z

=—z—2+42z=0
s0 [[F-dS = [[[,divFdV = [[[,0dV =0.

N Clich here for answers.

5. [[oF-dS = [[], (5y)dv
—fo . 1_96 Y 5y dz dy dx
= 17£[ l_x)y—5y2}dyd:c
_fo -2’ -301-2)]d =%
JIsF-dS = [[[;3(a® +y° +2°)dV
= [57 [T, 3p* sin ¢ dpde do
=2 [ §singdg = Zr
1. [[F-dS = [[[,3(«* +y*)dV
— 22 [AT 3 dadr df
=2r [ (12r° — 3r°) dr = 327
8 [[sF-dS = [[[y2yadV
:ff$2+y2sg 5_32ydsz
= 2RO e (27 sinG) dzdr do
Qﬂfog (61"2 sin @ — 22 sin? 9) dr db
[54sm9 8L sin 0] df = -8 5 T

o

9. [JsF-dS = fffEfUdV fo 2R 2R g dz dy da
—fo S [z (2 — 2$)—xy]dydx
—fo [z (2—2x) )2 — 12 (2-22) ] de = &
10. [[,F-dS=[[[,(1—1)dV =0
N [[gF-dS = [[[, (® +y* +2)dV
= 027r ff f13 (r2 +z)rdzdrdf
=2r [2(2r® + 4r) dr = 277
[[sF-dS = [[[,4a*dV
= [27 [T 3 (4p% sin? pcos? §) (p*sin @) dp dedf
= [ 027r4coszt9d0] o sin® ¢ do| [ 23 pt dp]
—an () [} (3~ %)) = %
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