13.7 Stokes’ Theorem

SECTION 13.7 STOKES’ THEOREM

B Click here for answers.

1-5 1 Use Stokes' Theorem to evaluate [f,curl F - dS.

1.

F(x,y,z) = Xxyzi + xj + €Y coszKk,
Sisthe hemisphere x> + y? + z2 =1, z = 0, oriented upward

. F(X, Y, 2) = y%2i + xzj + x?y?Kk,

Sisthe part of the paraboloid z = x? + y? that liesinside the
cylinder x? + y? = 1, oriented upward

. F(x,y,2) = yz%i + sin(xyz) j + X3k,

Sisthe part of the paraboloid y = 1 — x® — z? that liesto the
right of the xz-plane, oriented toward the xz-plane

. F(X,y,z) = (x+ tanlyz2) i + y%2j + z Kk,

Sisthe part of the hemisphere x = /9 — y2 — z2 that lies
inside the cylinder y? + z? = 4, oriented in the direction of
the positive x-axis

. F(x,y,2) = xyi + € + xy?k,

Sconsists of the four sides of the pyramid with vertices
(0,0,0),(1,0,0),(0,0,1),(1,0,1), and (0, 1, 0) that lie to
the right of the xz-plane, oriented in the direction of the
positive y-axis [Hint: Use Equation 3.]

6-8 1 Use Stokes' Theorem to evaluate J’C F - dr. In each case
C is oriented counterclockwise as viewed from above.

6. F(X,y,z) = xzi + 2xyj + 3xyKk,

C isthe boundary of the part of theplane3x + y + z = 3
in the first octant

B Click here for solutions.

1. F(x,y,z) = 220 + y?| + xyKk,
C isthe triangle with vertices (1, 0, 0), (0, 1, 0), and (0, 0, 2)

8. F(x,y,z) = 2zi + 4xj + 5yk,

C isthe curve of intersection of the planez = x + 4 and the
cylinder x? + y2 = 4

9-12 i Verify that Stokes Theorem is true for the given vector
field F and surface S.

9. F(x,y,z) = 3yi + 4z — 6xKk,
Sisthe part of the paraboloid z = 9 — x? — y? that lies
above the xy-plane, oriented upward

10. F(x,y,z) = xyi +yzj + xz Kk,
Sisthe hemisphere z = /a2 — x2 — y?, oriented upward

1. F(x,y,z) =yi + zj + xKk,

Sisthe part of the plane x + y + z = 1 that liesin the first
octant, oriented upward

12. F(x,y,z) =yi + zj + xKk,

Sisthe helicoid with vector equation
r(uv) =ucosvi +usnvj +vk,0<u<10<v<nm
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I3 Click here for exercises.

1. The boundary curve is C: 2> +y* = 1, z = 0 oriented in
the counterclockwise direction. The vector equation of
Cisr(t) =costi+sintj, 0 <t < 2.

Then F (r (t)) = costj+ e """k and
F (r(t)) -1’ (t) = cos® t. Hence [[;curlF -dS =
$o F- dr—fo cos? t dt = 271(1—&—(:05215) dt = .

2. The paraboloid intersects the cylinder in the circle
z? +y? =1, z = 1 and the vector equation is
r(t) =costi+sintj+k, 0 <t < 2w Then
F (r(t)) = sin®ti+ costj + cos® tsin® t k and
F(r(t))-r'(t) = —sin®t + cos®t. Hence
[[gcurlF-dS = § F-dr = 0% (cos®t —sin’t) dt = m.

3. C is the circle 22 + 2% = 1, y = 0 and the vector equation is
r(t) =costi+sintk, 0 < ¢ < 27 since the surface is
oriented toward the xy-plane. Then F (r (t)) = cos® t k and
F (r(t)) -1’ (t) = cos*t. Hence
ffs curl F - dS = fCF -dr = f027r cos tdt

= Ozﬂ [% —&—%cos?t—i— %cosélt] dt = =%

4. C' is the circle y2 + 2% = 4, x = /5 with vector equation
r(t ) = \/5i—|—2costj+251ntk 0 <t < 27. Then
F(r [\/_+tan (4costsint)] i+8cos’tsint]

+ 2sintk
and
F(r(t))-r'(t) = —16cos® tsin®t + 4sint cost
= —2+42cos2t + 2sin2¢
Thus
[[gcurlF-dS = § F-dr=2[’" (-
= —A4m

5. Here S consists of the 4 sides of the pyramid but not the
base in the zz-plane. Call the base S1. Then
JJscurl F-dS = §_ F - dr where C is the boundary of the
base. To avoid calculating four line integrals, apply Stokes’
Theorem again. Then §, F - dr = [/, g, curl F - dS. But
curl F = (2zy —e?)i—y?j—akandn = j, so
curlF-n=—y?2=00n S5, ffsl curl F - dS = 0 and
JJgcurl F-dS = 0.

N Clich here for answers.

6. curlF =3zi+ (z —3y)j+2yk,n=

1+ cos 2t + sin 2t) dt

(Bi+j+k)

ﬁ"ﬁ
=

and

fCF-dr szscurlF~ndS’

= fo 3=se [93:—1— (z —3y) + 2y] (V11) dy da
—fo 3 SJ” 10x—y)dydw

= [, [10 (32 — 32%) — 1 (3 — 3z)*] du

= [151’2 —10z® + %

7. The triangle is in the plane 2x + 2y + z = 2 with normal

:%(2i+2j+k),curlF:xi+(2z—y)j,
curlF-n = £ (2z 4+ 4z — 2y) = 3 (8 — 6z — 10y) and
dS = 3dx dy. So
fCF~dr:ffScurlF-ndS

—fo (8 — 6z — 10y) dy dx
—fo[ (1-2)—6(x—2?) —5(1—2)°]dx
= [8z — 72? +2m3+§(1—x)3};:%

8. The curve of intersection is an ellipse in the plane

z = = + 4 with unit normal n = % (—i+ k) and

curlF =5i+2j+4ksocurl F-n= —- . Then

JoFdr = [[, & dS

= - % - (surface area of planar ellipse)

— —%TF (2) (2\/5) = —

Recall that the area of an ellipse with semiaxes a and b is

Sk

mab.

. The boundary curve C is the circle 22 + y2 = 9, z = 0
oriented in the counterclockwise direction as viewed from
(0,0,1). Thenr (¢t) = 3costi+ 3sintj, 0 <t < 2m, so
F(r(t)) = 9sinti— 18costkand F - ' (t) = —27sin’ ¢.
Thus 360 F.dr= 0277 (—27 sin? t) dt = —27m. Now
curlF = —4i+6j -3k, r, Xxry, =2zi+2yj+k,so

[JgcurlF-dS = ffz2+y2§9 (—8z + 12y — 3)dA

2ﬂf03 —8rcos + 12rsinf — 3) r dr df

= fo (2m)dr = —27w
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10. C:x2+y2:a2,z:0,

$oF-dr = fo% (a®sintcost) (—asint) dt
= —%a3 sin® 25](2)7r =0
Then curl F = —yi—zj—zk,
€T . Yy .
(a2 — 22 — y2)1/2 1+ (a2 — 22 — y2)1/2 itk

Hence [[ curl F - dS

7// Yy
= 22 4 2 < a2 (az_xz_y2)1/2 Yy
27
/ / [7" cos@sm@JrrsmeJrTCOSg]rdgdr_O

since fo sin@df = 277 cosfdf = fo " cosfsinfdh = 0.
Notice that for this reason, it’s much easier to integrate with

Iy XTIy =

dA

respect to 6 first.

. The z-, y-, and z-intercepts of the plane are all

1, so C consists of the three line segments
Ci:ri(t)=(1—-¢8)i+tj,0<t<1,
Cora(t)=(1—-t)j+tk,0<t¢t<1,and
Cs:r3(t)=ti+ (1 —¢)k,0<t <1 Then
$oFodr=[l[ti+ (1—t)k]-(—i+j)dt
+ i =t i+tj] - (—j+k)adt
+f0 1-t)j+tk]-(i—k)dt
= [} (=3t)dt =

NOWCUI‘]F—*I*J*kaIldI'I><I‘y=i+j+k. Hence
J[gcurl F-dS = fo 1_“”( 3)dyde = —3.

12. The equations of the helicoid are

r(u,v) =ucosvi+usinvj+vk,

0<u<1,0<wv <7 The boundary

curve C of the helicoid consists of the

four curves C1: v=10,0<u <1,

Cou=1,0<v<mCs: v=m,

u=1tou=0,C4: u=0, v=mto

v =0. Then

$o F - dr

= [, (uk) - (i) du

+ [y (sinvi4vj+ Cosvk)-(—sinvi—i—cosvj+k)dv

+ [0 (—uk) - (=i) du+ [° (v])- (k) dv

fow (—sm v+vcosv+cosv) dv
[

=-Z-2=—1(r+4)

2
Now curl F = —i — j — k and

. . . ™
(v —sinvcosv) +vsinv + cosv +51nv]0

r, Xr, =sinvi—cosvj+ uk. Hence
[[gcurlF-dS = [T [!(—sinv + cosv — u) dudv
= [J [~sinv+cosv— 3] dv

=—2-Z=-L(r+4)



