13.5 Curl and Divergence

SECTION 13.5 CURL AND DIVERGENCE

B Click here for answers.

1-15 m Find (a) the curl and (b) the divergence of the vector field.
1.
2.

o ©o ~ oSN w
. b . b

10.
11.
12.
13.
14.

F(x,y,2) = xyi +yzj + zxk
Fix,y,2) =(x—22)i+ (x+y+2)j+x—2pk

. F(x,y,2) = xe¥] + ye'k

y

X, . 1
. F(x,y,z)=;| +;J —;k

. F(Xy,z) = xe¥i + ye¥j + ze¥k

F(xy,z) =xi+yj+zk

F(x Y, 2) = x%i + yz2j + 2x?k

F(X,¥,z) =yzi + xzj + xyk

F(x,y,z) = y%i — x%zk

F(xy,2z) = xyj + xyz k

F(x,y,z) = sinxi + cosxj + z?k

F(x,y,z) = e“i — 2] + 3xe’k

F(x,y,2) = (x+3y—52)i + (z—3y)j + (Bx+ 6y —z) k
F(x,y,2) =xe’i —zeVj +ylnzk

Xy

. Fixy,2)=e¥i+snx—y)j——k
z

B Click here for solutions.

16-27 i Determine whether or not the given vector field is
conservative. If it is conservative, find afunction f such that
F = 0Of.

16. F(x,y,z) =yi +xj +k

17. F(x,y,z) = xi +yj + xk

18. F(x,y,z) = yzi — z?] + X%k

19. F(x,y,z) =zi + 2yzj + (x + yH) k
20. F(X,y,z) =cosyi + sinxj + tanzk
21. F(x,y,z) = xi + e'sinzj + e'coszk
22. F(x,y,2) =yzi + (> + x2)j + xyk
23. F(X,y,z) = zxi + xyj + yzk

4. F(x,y,z) =xi +yj +:zk

25. F(x, Y, 2) = xy%®i + 2x%yz3] + 3x?y%%k
26. F(x,y,z) =e*i + ] + e’k

27. F(x,y,z) = yze€¥i + e¥] + xye* k
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fAinswers

I3 Click here for exercises.

. (a) —yi—zj—zk ®z+y+=z

2. (a) 3i—3j+k (b) 2

.(aefit+e'k (b) ze¥ + ye*
y. T, 2241

4 (a);l—gJ (b) )

5. (a) z (ze™ — ye®™) i+ y (zve¥* — ze®™)j

+z (ye™* — zeV*) k
(b) e¥* + %% + €™

. () 0 (b)3

. (a) f(2yzi+2xzj+m2k)

(b) 2zy + 22 + 22

. (a) 0 (b)0
. (a) —z2zi+ (y2 + 2acyz)j —2yzk
(b) —a?y
. () zzi—yzj+yk bz (1+y)

. (a) —sinz k

(b) cosx + 22

. (a) (Bze” +2ye¥?)i+ (ze™ — 3eY)j

(b) ze™® — 2zeY*

Bl Clich here for solutions.

13.

14.

22,
23.
24,
25.
26.
27.

() 5i—0j— 3k (b) —3
(a) (e_y +lnz) i—ze'k

(b) e¥ 4+ ze ¥ + %

. (2) —% i+ (myezyz + %) j+[cos (z —y) — zze®¥?] k

(b) yze®™¥* —cos (x — y) + =

. f(z,y,2)=2y+ 2+ K

. Not conservative

. Not conservative

. fz,y,2) =z +y*2 + K
. Not conservative

cf(z,y,2) = 22° +e¥sinz + K

flzy,2) =ayz+59° + K

Not conservative

f@y,2) =22+ 32+ 122+ K
Not conservative

Not conservative

[y, z) = ye™ + K
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Solutions
I3 Click here for exercises. 0 Click here for answers.
i j k i j k
1. (@ cwlF=V xF=|0/0x 0/dy 0/0z 5. @ curlF =V xF=|090/0x 0/0y 0/0z
Ty Yz zx xeY*  ye®* ze™
(9 — Ty Tz\s Ty yz\ s
5 (20) = 5 03] 1= | 5 (o) = 5% ()| 3 (p2e™ —aye™)i = (g™ —aye’)]
y + (yze™ — zze¥*) k

+ L‘% (yz) — (% (my)} k =z (2" —ye"*) i+ y (ze?* — ze"™)j
=(0-yi-(2-0)j+(0—-2)k + 2 (ye™ — we¥*) k
®)divF=V-F

=—yi—-zj—zk
0 yz 0 Tz 0 Ty
] 9 9 9 81:(“ )+8_y(ye )—i—&(ze )
F=-V.F=2 < <
(b) div \vJ p (xy)—i—ay (yz)—l—az (zz) v
=y+z+rz=xz+y+z
ik
i j k 6. () curlF =V xF=|0/0x 0/0y 0/0z
2 (@cuwlF=VxF=| 9/0z 9/0y 0/0z z Y z
x—2z z4+y+z v—2y =0-0i+(0-0)j+((0—-0k=0
=(-2-1)i—(14+2)j 1-0)k
(-2-Di-(1+2)j+(1-0) 0 divE =V F = () + 2 () + - (2)
= -3i-3j+k w y 2
=1+1+1=3
(b) divF =V - F
i3k
0 9 7] 7] 9
=g @)t @yt )t g (z-2) 1. @) curlF =V x F = | 8/0x 9/0y /0=
—14+140=2 2%y y2?  za?
=(0—2yz)i+ (0—2z2)j+ (0—2*)k
i J k :—(2yzi+2mzj+x2k)
.(@curlF =V xF=|9/0x 0/dy 0/0z
0 xe¥ ye* (b)divF:V~F:ﬁ(ny)—i-g(yzQ)—i—g(zﬁ)
ox Oy 0z
=(€*-0i—-(0-0)j+ (¥ -0)k — 2y + 2% + 22
=e*i+ e’k
i § Kk
) divF:V-F:i(O)Jr 0 (xey)Jré(yeZ) 8. @ curlF =V xF=|09/0x 8/dy 0/0z
Oz Y z Yz xz Ty
= el e =(@-a)i+@-yi+t(E-2k=0
i j k (b)divF:V-F:(,%(yz)—i—ag(xz)-i-%(xy)
4. @ cwlF =V xF=|0/0x 0/0y 0/0z Y
—04+0+0=0
z/z y/z =1z
y i K
= 0+—=)j+(0-0)k
( 2) ( ) ( ) 9. @ curlF =V xF=|9/0x 0/0y 0/0z
x .
:% i- i vz 0 —zlyz
:(—xzz—O)i—l—(y2+2xyz)j+(0—2yz)k
(b) divF = V- F Y _
=—z z1+(y +2xyz)J—2yzk
-2 E(Y N
z 0z \ =z (b) divF:V-F:a—(sz)+a—(0)+a—(—m2yz)
1 1 1 2241 v Y *
LT T 2T T 2 =0+0—2° —z?y
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i j k
0/0x 9/dy 0/0z
0 Ty  TYz

10. (a) curlF =V xF =

=xzi—yzj+uyk

WF=v.F=2L ()2 9
(b)divF =V -F = p (0) + 3y (zy) + P (zyz)

=0+z+ay=z(l+y)

i j k
0/0x 9/dy 9/0z
sinz cosz 22

=(—sinz+0)k = —sinzk

1. (@) curlF =V xF =

(b)divF =V .F

o, . d 9 (2
= —(smm)—i-a—y(cosx)‘f'_ (%)

Ox 0z
=cosT + 2z
i j k
122 ) VxF =|0/0x 0/0y 0/0z
e’  —2eY* 3zeY
= (3ze¥ + 2ye¥?) i+ (ze™® — 3eY) j
_ 2 Tz 2 _9,Yz ﬁ Yy
(b)VXF_&c(e )+8y( 2e )—l—az(?wce)
= ze"* — 2zeY*
i j k
13. (@) VXF = 0/0x 0/0y 0/0z

r+3y—5z z—3y br+6y—=z2
=6-1)i+(-5-5j+(0-3)k
=5i—0j—3k

9 9
(b)VXF—%(I+3y—5z)+a—y(z—3y)

0
+$(5m+6y72)

=1-3-1=-3

i j Kk
4. (a) cwrlF = | 9/0x 0/0y 0/0z
ze! —ze ¥ ylnz

= (e_y +1nz) i—ze?k

WF = 2 (per) 4+ 2 (crev) 4+ 2
(b) divF = P (ze )+ay( ze )+8z (yInz)

—e¥+ze v+ 2
z

15.

20.

i j k
. curlF = | 9/0x 0/0y 0/0z
yz =2 2P

i j Kk
@VxF=|0/0x 0/0y 9/0z
Tryz

e sin(z —y) —zy/z
=24 (xyezyz + Q)j
z z

+ (cos (z —y) — zze™*) k

® V=L () b Lin (e y) + 2 (~22)

ox Oy 0z z
Yz xy
= yze®? —cos(o:—y)-l-z—2
ik
. curlF = | 9/0z 0/0y 0/0z | = 0 and F is defined on all
Y T 1

of R? with component functions which have continuous
partial derivatives, so by (4), F' is conservative. Thus there
exists f such that B = V f. Then f. (z,y, z) = y implies
f(zy,2) =zy+g(y,2) and fy (z,y,2) =z + gy (y, 2).
But fy (z,y,2) = z,s0 g (y,2) = h(z) and

f(z,y,2) =2y + h(z). Thus f, (z,y,2) = K’ (2) but
f-(x,y,2) = 1soh(z) = z + K. Hence a potential for F
is f(z,y,2) =zy+ 2+ K.

i i Kk
.curlF = | 9/0x 0/dy 9/0z |=-j#0
x Yy x

Hence F isn’t conservative.

=2zi+ (y—22)j—zk #0

Hence F isn’t conservative.

. Since curl F = (2y — 2y)i+ (1 -1)j+ (0—-0)k =0,

F is defined on all of R?, and the partial derivatives of the
components of F' are continuous, F' is conservative.

Thus there exists f such that Vf = F. Then

fz (z,y,2) = z implies f (z,y,2) = vz + g (y, 2) and

fu (@,y,2) = gy (y,2). But fy (2,y,2) = 2yz, so
g(y,2) =y*2+h(2)and f (x,y,2) = zz +y*2 + h(2).
Then f. (z,y,2) = ¢ + 4> + ' (2),

but f. (z,y,2) = +y? so h(z) = K and

fx,y,2) =2z + 13?2+ K.

i j ok
0/0x 9/dy 9/0z

cosy sinz tanz

curl F = = (cosz —siny) k # 0.

Hence F isn’t conservative.



21.

22

23.

Since
i j k
0/0x 9/dy 0/0z
x eYsinz eYcosz

=(eYcos z—€eYcosz)i+ (0—-0)j+(0—-0)k=0

curl F =

F is defined on R3, and since the partial derivatives of the
components of F are continuous, F is conservative.

Thus there exists f such that Vf = F. Then

fa (z,y,2) = z implies f (z,y,2) = %xz +9(y, z) and
fu(@,y,2) = gy (y,2). But fy (z,y,2) = €’sinz,

s0 g (y,z) = eYsinz + h(z) and

f(z,y,2) = 22° + e’sinz + h(z). Thus

fo(z,y,2) =eYcosz +h' (2). But f, (z,y,2) = e cos z
implies h (2) = K and f (z,y,2) = 32° + e¥sinz + K is
a potential for F'.

Since

i j k
0/0x 0/0y 9/0z

Yz y2 +xz Y
=(@-2)i+y-yi+t(-2k=0

curl F =

F is defined on R?, and since the partial derivatives of the
components of F are continuous, F is conservative.
Thus there exists f such that V f = F. Then

fz (z,y,2) = yz implies f (z,y,z) = zyz + g (y, z) and
fu(@,y,2) = 22 + gy (y,2). But fy (,y,2) = zz +y* so
9(y.2) = 59° +h(2) and f (,y,2) = zyz + 59° + h (2).
Then f. (z,y,2) = zy + b’ (2). But f. (z,y,2) = xy so
h(z) = K. Hence f (z,y,2) =azyz+ 3y° + K isa
potential for F'.

ik
0/0x 0/dy 9/0z

zx Ty yz

curl F = =zit+zxj+yk#0,s0

F isn’t conservative.

24,

25.

26.

27.
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curl F = 0 by Problem 6(a), F is defined on all of R3, and
the partial derivatives of the component functions are
continuous, so F is conservative. Thus there exists a function
fsuch that Vf = F. Then f, (z,y, z) = = implies
f(z,y,2) = 32° + g (y,2) and f, (z,y,2) = gy (y, 2).
But fy (z,y,2) =y,s0 g (y,2) = 3y> + h(z) and
f(z,y,2) = %x2 + %yQ + h (2). Thus £, (z,y,2) = I (2)
but f. (z,y,2) = z2s0 h(z) = 32> + K and
1
2

f(z,y,2) = x2—|—%y2—|—%zz+K.

i j k
curlF =V xF=|09/0x 0/0y 0/0z
22 22%y2® 32%y?2?

= (6x2yz2 - zeyzz) i— (6xy2z2 - 3$y2z2)j
+ (4:ryz3 — 2:ryz3) k#0

so F' isn’t conservative.

ik
curlF =V xF=|0/0x 0/0y 0/0z
e’ e’ e

=(¥—-¢e)i—(0—-0)j+(0—-0k#0

so F isn’t conservative.

i j k
curlF =V xF=|0/0x 9/0y 9/0z
yzefl/'z CCKZ wyewz
= (ze" — ze"?) i

— [(wyze™ 4 ye™) — (zyze™ 4 ye™)]j
+ (ze”* — ze"*) k
=0

F is defined on all of R?, and the partial derivatives of the
component functions are continuous, so F' is conservative.
Thus there exists a function f such that Vf = F. Then
fo (x,y,2) = yze™ implies f (z,y,2) = ye™ + g (y, 2)
and fy (z,y,2) = €"* + gy (y, 2). But fy (z,y,2) = €%, so
g(y,2) = h(2)and f (z,y, z) = ye™ + h(2). Thus
fo(z,y,2) = zye®™ + h' (2) but £, (x,y, z) = zye** so
h(z)=Kand f (z,y,2) = ye™ + K.



