13.4 Green's Theorem

SECTION 13.4 GREEN'S THEOREM

B Click here for answers.

1-4 w1 Evaluate the line integral by two methods: (a) directly and
(b) using Green's Theorem.

1.

¢ x?y dx + xy*dy,
C isthe square with vertices (0, 0), (1, 0), (1, 1), and (0, 1)

. §o xdx — x?y? dy,

C isthe triangle with vertices (0, 0), (1, 1), and (0, 1)

- G (X + 2y) dx + (x — 2y) dy,

C consists of the arc of the parabolay = x? from (0, 0)
to (1, 1) followed by the line segment from (1, 1) to (0O, 0)

. §o (x* + y?)dx + 2xy dy,

C consists of the arc of the parabolay = x2 from (0, 0) to
(2, 4) and the line segments from (2, 4) to (0, 4) and from
(0,4)t0 (0,0)

5-16 1 Use Green's Theorem to evaluate the line integral along
the given positively oriented curve.

5.

10.

Jexydx + y° dy,
C isthe triangle with vertices (0, 0), (2, 0), and (2, 1)

. [ Xy dx + xy® dy,

C isthe square with vertices (=1, *+1)

. Jox?dx +y?dy, Cisthecurvex®+y®=1
. [.x?ydx — 3y?dy, Cisthecircdex®+y2=1

. [c2xydx + x*dy, Cisthecardioidr =1 + cosg

Jo(xy + ) dx + (x* — In(L + y)) dy,

C consists of the line segment from (0, 0) to (4, 0) and the
curvey =snx,0sx<

B Click here for solutions.

11.

12.

13.

14.

15.

16.

Jo (y? — tan"x) dx + (3x + siny) dy,

C isthe boundary of the region enclosed by the parabola

y = x?and theliney = 4

o xy dx + 2x?dy,

C consists of the line segment from (—2, 0) to (2, 0) and the
top half of thecirclex®> + y> = 4

Jo O = y3)dx + (x* + y®)dy,

C isthe boundary of the region between the circles
x2+y?=1landx®*+y?>=9

JoF - dr, whereF(x,y) = (y* — x?y) i + xy?*j and

C consists of thecircle x? + y2 = 4 from (2, 0) to (v/2, v/2)
and the line segments from (y/2, v/2) to (0, 0) and from (0, 0)
to (2,0)

JoF - dr, whereF(x,y) = y®i + xy®j and
Cisthedlipse4x® + y> =1

[ F - dr, where F(x,y) = x%i + x*j and
Cisthecurvex* + y* =1

17-18 1 Find the area of the given region using one of the for-
mulas in Equations 5.

17.

18.

The region bounded by the hypocycloid with vector equation
r(t) =cos’ti + sin’tj, 0<ts<2ns

The region bounded by the curve with vector equation
r(t) = costi + sin’tj, 0<t<2n
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Ansiers

I3 Click here for exercises. B Click here for solutions.

L -5 10.

2. —1 n. -9

3. —3 12. 0

"0 13. 1207

52 om+ 3 (VZ-2)
15. 0

6. —3

7.0 16. 0

g T 17. 37

9.0 18. 37
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1. (a) y
C
©, 1) : 1,1
C, C,
o ¢ @O ~

$o’yde+ay’dy = fo o, ioppe, YA+ oy’ dy
:fol0da:—|—folygdy+f101:2dx+f100dy

_1__1

=173 712

(b) §.2*yde +ay®dy = [} [ (v — 2?) dedy
1
R -Dd=i-3=-4

2. (a) Y
0. 1) p—=—= (1 1)
C, C:x=x,y=x
0=x=1
0 X
2 2 2 2
$oxdr —x’y dyzfcﬁcﬁcsxdxfx 2 dy
:fol (z —a*) dx+f10xdx+f100dy
—1_1_1__1
=3 73572~ 75
1,1
(b) §dem—w2y2 dy = fof (—2xy2 —0) dy dz
12/ 4 2 3y _ 1
03 @ —a)dr=3(-%)=—3
3. (a) ’ X=X, y=Xx
\ (1, 1)
C, Ci:x=x,y=x"
0=x=1
0 X

$o (& +2y) dz + (z — 2y) dy
= $e, 10, (@ +2y)de+ (z —2y)dy
= fol [z + 22° + (z — 22%) (22)] da
+J7 B+ (-o) do
= fol (z +42® — 42°) derflO 2x dx
=(G+5-1-1=-3

(®) § (= +2y) dz + (x — 2y) dy—fof (1-2)dydx

i )=t -3 =1

N Clich here for answers.

4, (a 7t C
@ 0.Ht—=<— 024
D
C, C: x:x,y:xz,
0=x=2
0 X

b (2% 4+ y°) da + 2zy dy
= 3@01+02+C3 (:1:2 —I—y2) dzr + 2xy dy
= f02 (2 +2*) + (22°) (22)] da
+ f20 (x2 + 16) dx + f400dy
=£+32-5-32=0

(b) fC (x2 + y2) dz + 2zy dy

://D {%(me)f%(szryQ) dA

= [fp 2y —2y)dA= [[,(0)dA=0

L

fcxydx—&—y dy—fo 1/2 (0 —z)dydx
=Jy (=32°)dz = —3

6. fi1 fi1 (y5 - I2) dy dx = fi1 (_%) dr = _%

1. ffD(OfO)dA:()

8 ffm2+y2<1 (07x2) dA = — 027T 01 3COS Odrdf
- x(})=-3

9. ffD (22 —22)dA =0

10. ffD (2z —x)dA = fo smra:dydx:fowxsinwdm
=[—zcosz +sinz|y =7
11. // 3x+s1ny)—£(y —tan? ) dA
9y

_fzf (3 —2y) dydx
:f_Q(—4—3x +at)de=-2

—
1

The region D enclosed by C' is given by
{(x,y) | 2<2<2—vV4i—-22<y< \/4—:52} or, in

polar coordinates, {(r,0) | 0 < 8 < 7,0 < r < 2}. Thus,

/nydx+2x2 dy = // [% (2m2) — g (zy)| dA

= [[, 4z —2)dA= [] fo (3rcos @) rdrd
=3[y cosedefo r?dr = 3[sin6]; [3r° ]3
=3(0) (%) =0
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B Jo (2% —y%) do + (a° + %) dy

://1S12+y2§9 L(% (m3+y3) - gy (x3 —ys) dA
= [ < y2 <o (327 +3y7) dA
=3[ [Pr¥drdf=6r (8 —1) =120
14. The region D enclosed by C'is given, in polar coordinates,
by {(r,0) |0 <0 < 5,0 <r <2} Thus
JoF-dr = [, (v’ — 2%y) do + zy’ dy
= [, (v* —2y+2°) dA
= [T/*[2 (r? = 2rsing) rdrdo
= 077/4 [4 - —s1n0] do
7T/4—7r—i-§(\/§—2)
15 [ F-dr = [, y°do+ay°dy
g ]

=[[,-5y°dA=0

because —5y° is an odd function of y and D is symmetric

[49 + =2 16 cos 9]

with respect to the y-axis.

6. [ F-dr = [ 2%yde+a*dy
= ff0§z4+y4§1 (4.773 - x3> dA

4
= f_V41_i’44 323 da dy

1
= /2, (3] \/f/—ydxzo
17. A= § xdy =
:3f27T (cos*tsin’t) dt

OZW (cos3 t) (3 sin®t cos t) dt

=3 [ (smtcos t)

+ é [% (sintcos3 t) + % (costsint) + %t]}zﬂ

3 27 (cos* tsin t) dt
_3f2"1[ (1 — cos4t) + sin® 2t cos 2] dt = 2

18 A=¢ zdy= f027r (cost) (3sin’t cost) dt

=3 /271 (1 - cosdt)dt =3



