13.3 The Fundamental Theorem for Line Integrals

SECTION 13.3 THE FUNDAMENTAL THEOREM FOR LINE INTEGRALS

B Click here for answers.

1-9 11 Determine whether or not F is a conservative vector field.
If itis, find afunction f such that F = Of.

LFxy) =2x—3y)i + 2y —3X]j
2. F(x,y) = (3x*> — 4y)i + (4y? — 2X) ]
3 F(xy) = X2+ y)i+ x?]
4 F(x,y) =2+ y) i+ (y>+x]j
5. F(x,y) = (1 + 4x%%) i + 3x*y?]
6. F(x,y) = (ycosx — cosy)i + (sinx + xsiny) j
1. F(x,y) = (e + xsiny)i + x?cosy |
8 F(x,y) = (ye¥ + 4x%) i + (xe¥ + x%) j
9. F(x,y) = (x + y?) i+ (2xy + y?) j
10-17 mi (@) Fipd afunction f such that F = Of and (b) use part
(&) to evaluate | F - dr aong the given curve C.
10. F(x,y) = xi +yj,
Cisthe arc of the parabolay = x? from (—1, 1) to (3, 9)
1. F(x,y) =vyi + X],
Cisthearc of the curvey = x* — x®from (1, 0) to (2, 8)
12. F(x,y) = 2xy®i + 3x%y?j,
Cir(t)=sinti+ (t?+ 1)j, 0st=< 7/2

B Click here for solutions.

13. F(x,y) = e?i + (1 + 2xe?)j,
Crih=te'i+ (1+1j, 0st<1

4. F(x,y,z) =yi + (x+2)j + yk,
C istheline segment from (2, 1, 4) to (8, 3, —1)

15. F(x,y, z) = 2xy32*i + 3x%y%*| + 4x?y3Kk,
C:x=ty=t3z=1t3 0st=<2

16. F(x,y,z) = (2xz + siny)i + xcosyj + x?k,
C:r(t) =costi +sintj +tk, 0<t<2nw

17. F(x,y, z) = 4xe’i + cosy| + 2x%°Kk,
Crity=ti+t?)j +t'k, 0st=<1

18-19 1 Show that the line integral is independent of path and
evaluate the integral.
18. [.2xsinydx + (x*cosy — 3y?)dy,

Cisany path from (-1, 0) to (5, 1)
19. [ (2y? — 12x%®) dx + (4xy — 9x*y?)dy,
Cisany path from (1, 1) to (3, 2)

20. Find the work done by the force field
F(x, y) = x2y3i + x%y?j
in moving an object from P(0, 0) to Q(2, 1).
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fAinswers

I3 Click here for exercises.

1.
2.
3.

0 N o W

f@y) =2 =3zy+y* + K
Not conservative

Not conservative

f(zy) =52 tay+ 590 + K
Sy =z a2ty + K

. f(z,y) =ysinz —zcosy + K
. Not conservative

 f @) = Loty + K
flzy) =507 +ay’ + 3y + K

- @) f(2,y) = 527 + 317

(b) 44

. (@ f(z,y) ==y

(b) 16

. (@) f(z,y) =2%y°

®) & (72 +4)°

Bl Clich here for solutions.

13.

14.

15.

16.

17.

18.
19.
20.

@) f(z,y) = ze® +y
(b) e® +1

@) f(z,y,2) =2y +yz
(b) 15

@) f(z,y,2) = a?y°"

(b) 220

@) f(z,y,2) = 2%z + xsiny
(b) 27

@) f (z,y,2) = 2z%e* +siny
(b) 2e +sin1l

25sinl — 1

—1919

wloo



Solufions

SECTION 13.3 THE FUNDAMENTAL THEOREM FOR LINE INTEGRALS 3

I3 Click here for exercises.

1. % 2z —3y)=-3= % (2y — 3z) and the domain of F

is R? which is open and simply-connected, so F is
conservative. Thus there exists f such that V f = F, that is,
fo (z,y) =2z — 3y and fy (x,y) = 2y — 3z. But

fu (2, y) = 2¢ — 3y implies f (z,y) = 2* — 3yz + g (y)
and differentiating both sides of this equation with respect
to y gives fy (x,y) = —3x + ¢ (y). Thus

2y — 3z = =3z + ¢’ (y) so g’ (y) = 2y and

g (y) = y* + K where K is a constant. Hence

f(z,y) = 2* — 3zy + y* + K is a potential for F.

9 )
2 dy (327 — dy) = —4, e (4y® — 2z) = —2 and these are

not equal, so F' is not conservative.

3. % (2 +y) =1, % (z°) = 2z and these are not equal, so

F is not conservative.

0 0 ' .
4 Y (z*+y)=1= 7 (y* + z) and the domain of F is

R? which is open and simply-connected. Thus F is
conservative so there exists f such that V f = F. Then

fo (z,y) = 2° +y implies f (z,y) = 22° + 2y + g (y) and
differentiating both sides with respect to y gives

fy (2,9) =z + g (y). But f, (z,y) = y> + , s0

g (y) =y or g (y) = 3y° + K. Hence a potential for F is

fzy) =32 +ay+3° + K.
0 0
5. — (1+42%y%) = 122%° = —
gy (LT 40°0°) =120%" = o=
of F is R? which is open and simply-connected. Thus F is

(3z*y?)and the domain

conservative so there exists f such that Vf = F. Then )
fo(z,y) = 1+ 4a®y® implies f (z,y) = = +2*y* + g (y
and f, (z,y) = 3z"y* + ¢’ (). But f, (z,y) = 32y
implies g (y) = K. Hence a potential for F is

flx,y) =z +a*y® + K.

0 .
6. — (ycosx —cosy) =cosz +siny

0y

0 . .
= — (sinz + z siny)

oxr

and the domain of F is R? which is open and
simply-connected. Thus F is conservative so there exists f
such that Vf = F. Then f, (z,y) = ycosz — cosy
implies f (z,y) = ysinz — zcosy + g (y)

and f, (z,y) = sinz + zsiny + ¢’ (y). But

fy (z,y) =sinz + zsiny, so g (y) = K. Hence
f(z,y) =ysinz — zcosy + K is a potential for F.

N Clich here for answers.
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10.

1.

12.

13.

. 9 (621 + zsiny) = wcosy, % ($2

Oy

F is not conservative.

cos y) = 2x cosy, SO

. % (ye™ + 4x3y) =" (yr+1) + 423
= % (ze™ + z*)

and the domain of F is R%. Thus F is conservative so there
exists f such that Vf = F. Then f, (z,y) = ye™ + 4z3y
implies f (z,y) = €™ + z*y + g (y) and
fo (2,y) = xe¥™ + 2" + ¢’ (y). But f, (z,y) = ze™ +a*
sog(y) = K and f (z,y) = e*¥ + z*y + K is a potential
for F.

- 8%/ (z+y?) =2y = % (2zy + y?)and the domain of F

is R%. Hence F is conservative so there exists f

such that Vf = F. Then f, (z,9) = = + ¢*

implies f (z,y) = 2%/2 + 2¢* + ¢ (y) and

fy (2,y) = 22y + ¢’ (y). But fy (z,y) = 22y + ¢
S04 (y) =y or g (y) = 2y + K. Then

f(z,y) = 22* + zy® + 3y° + K is a potential for F.

(@) fz (z,y) = x implies f (z,y) = 22° + g (y) and
fu(@,y) = g' (). But f, (z,y) =y so
g(y) =2y’ +Kand f (z,y) = 32° + 3y* + K (or set
K=0)

(®) [ F-dr=f(3,9—f(~1,1) =44

(@) fz (z,y) = y implies f (z,y) = zy + g (y) and
fy(z,y) =2+ g (y). But fy (z,y) = 2 s0
f (z,y) = xy (setting K = 0).

(b) [, F-dr=f(2,8) - f(1,0) =16

(@) fa (2,y) = 2xy® implies f (z,y) = 2°y* + g (y) and
fu (z,y) = 32°y* + ' (y). But f, (z,y) = 32°y* so
f (z,y) = 2%y (setting K = 0).

(b) Since r (0) = (0,1) andr (5) = (1,3 (7% +4)),
JoFedr=f(1,% (7% +4))=F(0,1) = 2 (x> +4)°.

@) fo (x,y) = € implies f (z,y) = ze®¥ + g (y) and
fu (2, ) = 20¢® + ¢’ (y). But f, (2,) = 1+ 2ze?
so g’ (y) = 1and g (y) = y (setting K = 0). Thus
f(5,y) = 26 +y.

(b) Since r (0) = (0,1) and r (1) = (e, 2),
JoF-dr=f(e,2)—f(0,1) = (e)e*+2—-1=¢€+1.
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4. (a) fz (z,y,2) = yimplies f (z,y,2) = zy + g (y, z) and
fy (x,y,2) =z + dg/dy. But fy (z,y,2) =z + z s0
0g/0y = zand g (y,2) = yz + h(z).

Thus f (z,y,2) = zy + yz + h(2) and
f- (2,9,2) =y + (). But f. (2,1, 2) = y 50
R () =0orh(z) = K. Hence f (z,y,2) = vy + yz
(setting K = 0).
() [ F-dr=f(83,—-1)—f(2,1,4)=21-6=15

15. (a) fo (2,9,2) = 22y®2* implies
f(zy,2) = 2%y°2" + g (y,2) and
fu(z,y,2) = 32°y?2"* + g, (y, 2). But
fy (x,y,2) = 322y?2", 50 gy (y,2) = h (2),
and also f (z,y,2) = z%y%2* + h(2),
implying f. (z,y,2) = 42%y®2® + b/ (2). But
I (2,9, 2) = 42%y®23,s0 b/ (2) = 0. Hence

f(z,y,2) =2y

(b) r (0) = (0,0,0) and r (2) = (2,4, 8) so

JoF-dr=f(2,4,8)— f(0,0,0) =2%-4°.8* = 2%,

16. (a) fz (z,y,2) = 2zz + siny implies

f(z,y,2) = 2?2 + xsiny + g (y, z) and
fy (5,9,2) = @ cosy + gy (y, 2). But
fy (x,y,2) = xcosyso gy (y,z) = 0and
f(2,y,2) = x?2 + xsiny + h (). Thus
fo (z,y,2) = 2 + ' (2). But £, (2,9,2) = 2° so
h'(z) =0and f (z,y, 2) = 2%z + zsiny (setting
K =0).

(b) r (0) = (1,0,0), r (2m) = (1,0, 27). Thus
Jo F-dr=f(1,0,27) — f(1,0,0) = 2.

17.

20.

(@) fz (z,y,2) = 4xe® implies
f(2,9,2) = 22%e* + g (y, 2) and
fy(z,y,2) = gy (y,2). But fy (z,y,2) = cosy so
gy (y,2) =cosyorg(y,z) =siny + h(z). Thus
f(2,9,2) = 22%e* +siny + h(2), and
I (z,y,2) = 22%e* + A’ (2). But f, (z,y, 2) = 22°%e*
soh/(z) =0and f (x,y,2) = 2x%e* + sin y (setting
K = 0).

() r(0) = (0,0,0), r (1) = (1,1,1) so
JoFedr=f(1,1,1) — £(0,0,0) = 2¢ +sin 1.

. Here F (2,y) = (2zsiny) i+ (2? cosy — 3y°) j. Then

f(z,y) = z?siny — y* is a potential function for F, that is,
Vf = F so F is conservative and thus its line integral is
independent of path. Hence
Jo2xsinydx + (2 cosy — 3y*) dy = [, F - dr

= f(5,1)— f(—1,0) =25sin1 — 1

. Here F (z,y) = (2y2 — 12:r3y3) i+ (day — 9x4y2) j-

Then f (x,7y) = 2xy® — 3z*y> is a potential function for F,

that is, Vf = F. Hence F is conservative and its line integral

is independent of path.

Jo (2% —122%9%) da + (4ay — 92*y*) dy = [, F -dr
=£(3,2) — f(1,1) = —1920 — (—1) = —1919

F(z,y) = 2®y® 1+ 232§, W = Jo F - dr. Since

Bgy (%Y%) = 32%y* = % (2®y?), there exists a function f
such that Vf = F. In fact, f, = 2%y® =

flay =32 +9@) = fi=""+4@ =
g’ (y) = 0, so we can take f (z,y) = 22°y°. Thus

W= [ F-dr=f(2,1)-f(0,0) =3 (2°) (1) -0 =3.



