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12.8 Triple Inteqrals in Cylindrical and Spherical Coordinates

B Click here for answers.

1-4 w1 Sketch the solid whose volume is given by the integral and
evaluate the integral.

1. foz” JOZ f:’”rdzdr de
2. ffo”/zfrdzdodr

3. fo”/z fo”/z f: p?sing dp d dep

0

a. fo““ f;” J'm p?sin¢ dp do deb

5-8 m Use cylindrical coordinates.
5. Evaluate [[|. (x* + y?) dV, where E is the region bounded by
the cylinder x2 + y?> = 4 and theplanesz = —land z = 2.

6. Evaluate [[|. v/x? + y? dV, where E is the solid bounded by the
paraboloid z = 9 — x? — y? and the xy-plane.

B Click here for solutions.

7. Evaluate |[[_y dV, where E isthe solid that lies between the
cylinders x? + y? = 1 and x? + y? = 4, above the xy-plane,
and below theplanez = x + 2.

8. Evaluate ||| xz dV, where E is bounded by the planesz = 0,
z =y, and the cylinder x? + y? = 1in the half-spacey = 0.

9-12 1 Use spherical coordinates.

9. Evaluate [[[. xe*"**"dV, where E is the solid that lies
between the spheres x? + y? + z2 = land x* + y> + z2 =4
in the first octant.

10. Evaluate [ff, v/x2 + y2 + z2dV, where E is bounded below by
the cone ¢ = /6 and above by the sphere p = 2.

11. Evaluate [ff; x* dV, where E lies between the spheresp = 1
and p = 3 and above the cone ¢ = 7/4.

12. Find the centroid of the solid that lies above the cone ¢ = /3
and below the sphere p = 4 cos ¢.
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fAinswers

I3 Click here for exercises.

olx

X

z p =sec ¢

Bl Clich here for solutions.

5. 247
7. 0
9. Lr(e'®—e)

. 1217 (HW)

3247w
6. =5
8.0
10. 47 (2 — /3)
12. (0,0,2.1)
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I3 Click here for exercises.

1. The region of integration is given in

cylindrical coordinates by
E={(r6,2)]0<6<2r,0<r<20<z<4-—7r}
This represents the solid region bounded above by
z=4—7r?=4—z% — 4?2, aparaboloid, and below by the
zy-plane.

272 G drdo = 27 (2 (4r — r®) dr dO

02" [2r% — 1r4]7 20 do = [77 (8 — 4)dO = 40];" = 8«

2. The region of integration is given in cylindrical coordinates

by E={(r0,2)|0<0<3,1<r<3,r<z<3}.
This represents the solid in the first octant between the
cylinders » = 1 and » = 3 and bounded below by
z=r= \/m, a cone, and above by the plane z = 3.

z

‘3"'
0

y
X

f1 W/QfT rdzdfdr _f1 /2 (3r—r2)d9dr
3
2

- f%(zr—r2>dr=%{ =5
=5 (3-%-3+9)=%

. The region of integration is given in spherical coordinates by
E={(p0,¢)|0<p<1,0<6<5,0<6< 5} Thus
FE is the solid in the first octant bounded by the sphere

p = z% + 3% + 22 = 1 and the three coordinate planes.

X
[T R0 L 6% sin g dp d6 deb
= ”/2 77/2[1 3s1an>]p Od@d(/f)

0 0
= [T Lsingdgde = [77/* Lsing [0)9=s’? d¢

=3 Oﬁ/ggsmqﬁd¢> 5= cos¢}”/2 5

N Clich here for answers.

4. The region of integration is given in spherical coordinates by
E={(p,0,0)|0<6<2m,0<¢<3%,0<p<seco}.
Since p = sec ¢ is equivalent to pcos ¢ = z = 1, F is the
solid bounded by the cone ¢ = % and the plane z = 1.

w

p=sec ¢
(orz=1)

w3

X

ST 2T (5900 b2 sin ¢ dp df deb

— 07r/3 027r [lpg Sin(ﬁ]pise‘:d) d9d¢
_ /7r/3/27r sm3¢ ¢
COSs
71'/3 w/3
= 3 (tan¢sec qﬁ)dqﬁ* [ tan? ng]O =7

5. [[[y (z% +y?) av = [2 [Z7 [2(r?) rdrdfdz

= (3) (2m) [4r*]2 = 24

6. [[[/x2+y2dV = 9 ™12 dz dr d6

=l o *r>dr:2w<81f%>=%

7. In cylindrical coordinates E is bounded by the cylinders
r=1andr =2,theplane z = x +2 = rcosf + 2,
and the xy-plane, so E is given by
{(r,0,2) |0<0<2m,1<r<2,0<z<rcosfd+2}
Thus
[[[pydv = f fl 247080 (1sin6) r dz dr df

— 027T 127" Sll’lo[ }z 2+rcos(9d d@

= 027rf1 (2T2+r cos@) sin 6 dr d6

= OZW [%7“3 + 4 cos 0] sin 0 df

= 0277 (5 + %COSG) sin 6 df

—[_1a _ 15 052913 =
—[—3 cos ) — 2 cos 9}0 =0

8. In cylindrical coordinates, E is bounded by the cylinder
r = 1 and the planes z = 0, z = y = 7 sin § with
y>0 = 0<60<m,soFE isgiven by
{(r,0,2) |0<0<7,0<r<1,0<z<rsinf}. Thus

fffE:rde fo fo Tsmer2zcost9dzdrd9
*fo fo [% 2]2 gsln@ r2 cos 0 dr df
= 2f0 17“451n 0 cos 6 dr df
= §f0 [—7"5}::1 sin? 0 cos 0 db
=1 fo (sm Hcose) df = —s1n 9} =0
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0. [yl av
= for/2 W/Qfl (psin ¢ cos H) e’ (p2 sin @) dp d¢ df
= 077/2 cos 0 df foﬁ/2 sin ¢ do f2 p3ep4 dp

[sm@]”2 (30 — sm2¢>r/2 {16‘7 }?

=) (F) [3(° =) =57 (" —¢)
10. [[/5 \/mdv
27 [7/6 12 (p) p* sin ¢ dp dep df
= 02“ o [°singde [ p*dp
= [0 [ eos ol [10); = (2m) (1 - ) ()
=8 (1-4) =4r (2-3)

W [ffyz?dv = 27 [7/* [} p*sin® ¢ cos® O dp dg dO
=[5 cos?0an ([ sin® do) [} p* dp

= [~ooso+ Foos’ o] [40°);

=7 (%) (#2) = 1217 (8_350\/5)

12. By the symmetry of the problem M, , = M,, = 0. Then

M,y = 02" 077/3 040054) p° cos ¢ sin ¢ dp de df

= [ 7T/3(:os¢>smq5(64cos gi)) deo db

0
! [—% cos® <b} W/B d9_f27r 2L 49 = 217

6
Hence (:c7 7,%Z) = (0,0,2.1).



