
1–4 |||| Sketch the solid whose volume is given by the integral and
evaluate the integral.

1.

2.

3.

4.

5–8 |||| Use cylindrical coordinates.

5. Evaluate , where E is the region bounded by
the cylinder and the planes and .

6. Evaluate , where E is the solid bounded by the
paraboloid and the -plane.xyz � 9 � x 2 � y 2
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7. Evaluate , where is the solid that lies between the 

cylinders and , above the -plane,
and below the plane .

8. Evaluate , where is bounded by the planes ,
, and the cylinder in the half-space .

9–12 |||| Use spherical coordinates.

9. Evaluate , where is the solid that lies
between the spheres and 
in the first octant.

10. Evaluate , where is bounded below by
the cone and above by the sphere .

11. Evaluate , where lies between the spheres 
and and above the cone .

12. Find the centroid of the solid that lies above the cone 
and below the sphere .
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Answers

C l i ck  h e r e  f o r  s o l u t i o ns .SC l i c k  h e r e  f o r  ex er c i se s .E

1.

8π

2.

5π
3

3.

π
6

4.

π

5. 24π 6.
324π
5

7. 0 8. 0

9.
1

16
π
(
e16 − e

)
10. 4π

(
2−√

3
)

11. 121π
(

8−5
√
2

30

)
12. (0, 0, 2.1)
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Solutions

C l i ck  h e r e  f o r  a n s we r s .AC l i c k  h e r e  f o r  ex er c i se s .E

1. The region of integration is given in

cylindrical coordinates by

E =
{
(r, θ, z) | 0 ≤ θ ≤ 2π, 0 ≤ r ≤ 2, 0 ≤ z ≤ 4− r2

}
.

This represents the solid region bounded above by

z = 4− r2 = 4− x2 − y2, a paraboloid, and below by the

xy-plane.

∫ 2π

0

∫ 2

0

∫ 4−r2

0
r dz dr dθ =

∫
2π

0

∫ 2

0

(
4r − r3

)
dr dθ

=
∫

2π

0

[
2r2 − 1

4
r4
]r=2

r=0
dθ =

∫
2π

0
(8− 4) dθ = 4θ]2π

0
= 8π

2. The region of integration is given in cylindrical coordinates

by E =
{
(r, θ, z) | 0 ≤ θ ≤ π

2
, 1 ≤ r ≤ 3, r ≤ z ≤ 3

}
.

This represents the solid in the first octant between the

cylinders r = 1 and r = 3 and bounded below by

z = r =
√

x2 + y2, a cone, and above by the plane z = 3.

∫ 3

1

∫ π/2

0

∫ 3

r
r dz dθ dr =

∫
3

1

∫ π/2

0

(
3r − r2

)
dθ dr

=
∫

3

1

π
2

(
3r − r2

)
dr = π

2

[
3

2
r2 − 1

3
r3
]3
1

= π
2

(
27

2
− 27

3
− 3

2
+ 1

3

)
= 5π

3

3. The region of integration is given in spherical coordinates by

E =
{
(ρ, θ, φ) | 0 ≤ ρ ≤ 1, 0 ≤ θ ≤ π

2
, 0 ≤ φ ≤ π

2

}
. Thus

E is the solid in the first octant bounded by the sphere

ρ = x2 + y2 + z2 = 1 and the three coordinate planes.

∫ π/2

0

∫ π/2

0

∫ 1

0
ρ2 sinφdρ dθ dφ

=
∫ π/2

0

∫ π/2

0

[
1

3
ρ3 sinφ

]ρ=1

ρ=0
dθ dφ

=
∫ π/2

0

∫ π/2

0

1

3
sinφdθ dφ =

∫ π/2

0

1

3
sinφ [θ]

θ=π/2
θ=0

dφ

= 1

3

∫ π/2

0

π
2
sinφdφ = π

6
[− cosφ]π/2

0
= π

6

4. The region of integration is given in spherical coordinates by

E =
{
(ρ, θ, φ) | 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π

3
, 0 ≤ ρ ≤ secφ

}
.

Since ρ = secφ is equivalent to ρ cosφ = z = 1, E is the

solid bounded by the cone φ = π
3
and the plane z = 1.

∫ π/3

0

∫ 2π

0

∫ secφ

0
ρ2 sinφdρ dθ dφ

=
∫ π/3

0

∫ 2π

0

[
1

3
ρ3 sinφ

]ρ=secφ

ρ=0
dθ dφ

=
1

3

∫ π/3

0

∫ 2π

0

sinφ

cos3 φ
dθ dφ

= 2π
3

∫ π/3

0

(
tanφ sec2 φ

)
dφ = 2π

3

[
1

2
tan2 φ

]π/3

0
= π

5.
∫∫∫

E

(
x2 + y2

)
dV =

∫ 2

−1

∫ 2π

0

∫ 2

0

(
r2
)
r dr dθ dz

= (3) (2π)
[
1

4
r4
]2
0
= 24π

6.
∫∫∫

E

√
x2 + y2 dV =

∫
2π

0

∫ 3

0

∫ 9−r2

0
r2 dz dr dθ

= 2π
∫ 3

0

(
9r2 − r4

)
dr = 2π

(
81− 243

5

)
= 324π

5

7. In cylindrical coordinates E is bounded by the cylinders

r = 1 and r = 2, the plane z = x+ 2 = r cos θ + 2,

and the xy-plane, so E is given by

{(r, θ, z) | 0 ≤ θ ≤ 2π, 1 ≤ r ≤ 2, 0 ≤ z ≤ r cos θ + 2}.
Thus∫∫∫

E
y dV =

∫
2π

0

∫ 2

1

∫ 2+r cos θ

0
(r sin θ) r dz dr dθ

=
∫ 2π

0

∫ 2

1
r2 sin θ [z]z=2+r cos θ

z=0
dr dθ

=
∫

2π

0

∫
2

1

(
2r2 + r3 cos θ

)
sin θ dr dθ

=
∫

2π

0

[
2

3
r3 + 1

4
r4 cos θ

]r=2

r=1
sin θ dθ

=
∫ 2π

0

(
14

3
+ 15

4
cos θ

)
sin θ dθ

=
[− 14

3
cos θ − 15

8
cos2 θ

]2π
0

= 0

8. In cylindrical coordinates, E is bounded by the cylinder

r = 1 and the planes z = 0, z = y = r sin θ with

y ≥ 0 ⇒ 0 ≤ θ ≤ π, so E is given by

{(r, θ, z) | 0 ≤ θ ≤ π, 0 ≤ r ≤ 1, 0 ≤ z ≤ r sin θ}. Thus∫∫∫
E
xz dV =

∫ π

0

∫
1

0

∫ r sin θ

0
r2z cos θ dz dr dθ

=
∫ π

0

∫ 1

0

[
1

2
z2
]z=r sin θ

z=0
r2 cos θ dr dθ

= 1

2

∫ π

0

∫
1

0
r4 sin2 θ cos θ dr dθ

= 1

2

∫ π

0

[
1

5
r5
]r=1

r=0
sin2 θ cos θ dθ

= 1

10

∫ π

0

(
sin2 θ cos θ

)
dθ = 1

30
sin3 θ

]π
0
= 0
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9.
∫∫∫

E
xe(x

2
+ y2

+ z2)2 dV

=
∫ π/2

0

∫ π/2

0

∫ 2

1
(ρ sinφ cos θ) eρ

4 (
ρ2 sinφ

)
dρ dφ dθ

=
∫ π/2

0
cos θ dθ

∫ π/2

0
sin2 φdφ

∫
2

1
ρ3eρ

4

dρ

= [sin θ]π/2
0

[
1

2
φ− 1

4
sin 2φ

]π/2

0

[
1

4
eρ

4
]2
1

= (1)
(
π
4

) [
1

4

(
e16 − e

)]
= 1

16
π
(
e16 − e

)

10.
∫∫∫

E

√
x2 + y2 + z2 dV

=
∫

2π

0

∫ π/6

0

∫ 2

0
(ρ) ρ2 sinφdρ dφ dθ

=
∫ 2π

0
dθ

∫ π/6

0
sinφdφ

∫
2

0
ρ3 dρ

= [θ]2π
0

[− cosφ]π/6
0

[
1

4
ρ4
]2
0
= (2π)

(
1−

√
3

2

)
(4)

= 8π
(
1−

√
3

2

)
= 4π

(
2−√

3
)

11.
∫∫∫

E
x2 dV =

∫ 2π

0

∫ π/4

0

∫ 3

1
ρ4 sin3 φ cos2 θ dρ dφ dθ

=
∫ 2π

0
cos2 θ dθ

(∫ π/4

0
sin3 φdφ

) ∫
3

1
ρ4 dρ

= π
[− cosφ+ 1

3
cos3 φ

]π/4

0

[
1

5
ρ5
]3
1

= π
(

8−5
√
2

12

) (
242

5

)
= 121π

(
8−5

√
2

30

)

12. By the symmetry of the problem Myz = Mxz = 0. Then

Mxy =
∫

2π

0

∫ π/3

0

∫
4 cosφ

0
ρ3 cosφ sinφdρ dφdθ

=
∫ 2π

0

∫ π/3

0
cosφ sinφ

(
64 cos4 φ

)
dφ dθ

=
∫ 2π

0
64

[− 1

6
cos6 φ

]φ=π/3

φ=0
dθ =

∫
2π

0

21

2
dθ = 21π

Hence (x, y, z) = (0, 0, 2.1).
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