12.7 Triple Inteqrals
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B Click here for answers.

1. Evaluate theintegral [[[. (x* + yz) dV, where
E={xy2|0sx=<2 -3<sy<0, -1l=s:=<1}
using three different orders of integration.

2-6 m Evaluate the iterated integral.

2. jol JO foy xyz dx dy dz 3. [l sz OW 2xy dz dy dx

JO Jx

L vy 5 UL Prray e

1JoJo

6. jz J j” X322 dz dy dx

7-11 i Evaluate the triple integral.

1. [[[.yz AV, where
E={xYy2|0sz<10sy<2,0sxs<:z+2}

8. [[[.e*dV, where
E={xy2|0sy<10sxsy0s:zsx+y}

9. [[zydV, whereE lies under the planez = x + 2y and
above the region in the xy-plane bounded by the curves
y=x3,y=0andx=1

10. [{f_xdV, where E is bounded by the planesx = 0, y = 0,
z=0ad3x+2y+z=6

B Click here for solutions.

11.

12-
12.

13.

14.

15.

CAs| 16.

17.

18.

{[f z dV, where E is bounded by the planes x = 0, y = 0,
z=0y+z=1l,andx+z=1

15 m Use atriple integral to find the volume of the given solid.

The tetrahedron bounded by the coordinate planes and the
plane 2x + 3y + 6z = 12

The solid bounded by the elliptic cylinder 4x* + z* = 4 and
theplanesy = 0andy =z + 2

The solid bounded by the cylinder x = y? and the planesz = 0
andx+z=1

The solid enclosed by the paraboloids z = x* + y? and
z=18 — x? — y?

Evaluate the triple integral exactly:
2 rsnx (24X g
.fo f—1 J‘;fx e*(5y + 2z) dy dz dx

Set up, but do not evaluate, integral expressions for

(a) the mass, (b) the center of mass, and (c) the moment of
inertia about the z-axis of the solid bounded by the paraboloid
X = 4y? + 4z? and the plane x = 4 with density function
p(X,y,2) = x>+ y? + 22

Find the average value of the function f(x,y,z) = x+y + z
over the tetrahedron with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0),
and (0,0, 1).
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fAinswers

I3 Click here for exercises.

Il Clich here for solutions.
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e (=35 %cosél— 19 sind) — =%
. (2) f_ f f4y +422( 2+y2+22) dx dz dy

b) (Z,7,z )where

T== f_ f f4y +422x(m +y° +2°) dedzdy
y== f_ f f4y +422y(m +y° +2°) dedzdy
z== f_ f f4112+4222(:1c +y? 4z )dxdzdy
(c)f f f4u 24452 2 (@24 9°) (P + 97 +2%) dedady

I[N
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I3 Click here for exercises.

L2 (@2 4 y2) dzdydz
= [2[% [z*2 + lyZZ]zil
=y [227 y}y__g, do = [? 622 do = 22°]) = 16

T J2 (2% + yz) de dy dz
=[50 [3a® +ay2] dydz
=[N0 (8 +2w2) dyds = [ [Sy+472]"2°, ds
= [ (8-92)dr=[82 -3z 2]11:16
LIRS (22 + y2) dy do dz
= [L 05 [Py + 32020, dadz
= 13 (322 — $2) dwdz = [1, [#* — S02] ") dz

=1, (8-92)dz=[82 - 22*]" =16

dy dx = f02f0 222 dy dx

1

[ nd

folfozfoy ryzdedydz = folfoz (%ygz) dy dz

1 1
— IZSdZ—EZ6| _ 1

0 0~ 48
3. fo f21fl+y 2xy dz dy dx
— fo fm (23:23/ + 2xy2) dy dxr = fol [w2y2 + %xys] iz dx
_ 01 233x4dx _ 23 4|0 l_g
4. fo fo fo zsmydmdzdy
=/ fo 2v/4 — 22 sinydz dy
2
= fon [—% (4 — z2)3/2}osinydy = fow %sinydy
S

W

. fo Vo-a? fo yzdydzdx—fofo ( x2z)dzdac
—fo [1 2z2]0‘9 - der = i(9x2—w4) dzx

~ [ - 4075 - 32

o

flfo 1=y .3 dezdydl’*flfo [1 3 222]z:; Y dy da
= 2]y $2%7 (1 —y)* dy da
_f1 Io (32 Syt -y’ + 1x3y4) dy dx
= 7 [3a%° — 1a¥yt + 52%y°) VT da

y=0
=[] (32° — 427 + f5a¥) da

= (2" - 32® + 52°]]

128 256 512 1 7387
— B R tw o mtm W

T 90 — 10,080

2z

1. fol 02Z 0z+2 yzdrdydz = fol o Yz (z+2)dydz
= fol (224 + 4z3) dz = %

N Clich here for answers.

8. fofo oty mdzda:dy—fofo (z+y)eTdxdy
= fole+y—1)elsdy=[j[(2y—1)e’ — (y—1)] dy
:[2yey—3ey—ly2+y]1=§(7—2e)
2

9. fo fo T+2yydzdy dx = fo fo (yz + 2y°) dy dz
= fo [ zy® + 3y ] dr = fol (%xf) + %mG) dx
711
=52+ F27], =5
10. Here E is the region that lies under the plane
3z 4 2y + z = 6 and above the region
in the zy-plane bounded by the lines z = 0,y = 0 and
3z + 2y =6, so
fffE:th fo 3=3w/2 6 o= nydzdydx

= fo 3-3z/2 (6&: —3z% — 2:vy) dy dzx
= fo [(61’ — 31’2) (3 — %x) —x (3 — %x)z] dx

:9f02 (z— 2%+ 32°) dz

_ 1.2 1.3, 1,412 _
=932 — 32° + '] =3

By symmetry [[[,zdV =2 [[[,, zdV where E' is the
part of E to the left [as viewed from (10, 10, 0)] of the plane
z=1y.So

101
fffEZdefOfyf
1
:fo [_% 1_'2:) ]1 yd =
471
=5(1-9 =1
12. The plane 2z + 3y + 6z = 12 intersects the zy-plane when
2r+3y+6(0)=12 = y=4— 2z So
E:{(a:,y,z)|O§m§6,0<y<4—2m
0<z<i(12—2z-3y)}

2zdzd:vdy—f0f (1—z)? dedy

3 (1—y)° dy

and

V= fo 4—2x/3 0(12—2m—3y)/6 dZdydl'

4-2 3
_6f0 */

=3/ [1224—21??;— 3y

:1/ (12-22)° 312-22]
6 /o 3 2° 9

=& [y (12— 22)* do = [& (-3) (12— 20)°]; = 8

—2x — 3y)dy dx
]y =4— 21/3dx
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16. A CAS gives
fo imTsz+Z 3z (5y + 22) dydzdx
— ¢ (_?_g — %0054— @sinél) ~ 1ma1

In Maple, we use

int (int (int (£, y=z-x..z+x),z=-1..sin(x)),

.2) ;.
V4a—4z? 17. (a)m:f f f4y 244,02 (17 +y2+2 )da:dzdy
d dzd
/ /\/4 422 yaser b) (z,7, )where
R et T=2 [ z (22 +y? +2%) drdzd
—2/ /\/_ dy dz dz w Ja f 1/1 o2 f4y 24422 ( Y ) Y
4—4z2 _ \/_
A— 4I2 y= %f f \/—f4y2+422y(m +y +z )dacdzdy
—2/ / (z+2)dzdx —
Va2 ) z= #f f \/—f4y2+4z2z($ +y* + 2z )dl’dzdy
1 z2=24/1—22 (C)
=2 2 d.
/0 {22 N ZL:% 1-z2 ! 1 \/m 4 2 2 2 2 2
IZ:f—lfiﬂf4y2+4z2 (2 +y?) (2® + 9 + 2°) dedzdy
=2 [18/T—a2dz
=16 [32v1 — 22 + 3 sin” ](1) =4r 18. V(E) = (1)(é)(1) = <. The equation of the plane through

the last three verticesis z +y + z = 1, so
1pl-z pl—z—
fave:ﬁfo mo “ y(a:—l—y—l—z)dzdydm

=6/ 1 " [z+y)Q-—z—y)+i(1-2-y)’]dyde
=3[ 177 (1 — 22y — 2? — y?) dy du
-
1
3

=3f01 (z+y) ]dydw
x 1—x
o=y =3[ [y—L(z+y) vy de

1 1
V= fof f dzdydx:folf_‘/j;(l—x)dydm =3[, Al—z—3+32°)de= [ (z° -3z +2)dz
1
:——--‘,—2—_
=/ 2\/5(1—33)(13;:]012(\/5_%3/2) da

1
_ol2.3/2  2.5/2 _ 8
2[ / 55”/} )_E

203~

[S11

. The paraboloids z = 2% + y? and z = 18 — z? — ¢/°

intersect when 22 + y? = 18 —z? — > =
227 +2y° =18 = 2” +y® = 9. Thus,
E={(z,y,2) | 2" +y* <9,
?+y? <2< 18—:B2—y2}
Let D = {(z,y) | ° + 3> < 9} Then
18—z2—

V= [y dv = [, ([555: " d=) dA

=[f, (18 — 22" — 2y )dA

= 027Tf03 (18 —2r?) rdrdf

= [ 97— 4 o = [ S o = s



