12.4 Double Integrals in Polar Coordinates

SECTION 12.4 DOUBLE INTEGRALS IN POLAR COORDINATES

B Click here for answers.

1-9 mi Evaluate the given integral by changing to polar
coordinates.

1.

e

-l

||z xdA, where Risthe disk with center the origin and
radius 5

. [[xy dA, where Risthe region in the first quadrant bounded

by the circle x> + y2 = 9 and thelinesy = xandy = 0

. [Jxxy dA, where Risthe region in the first quadrant that lies

between the circles x? + y? = 4 and x? + y? = 25

- [ v/x2 + y2dA,

whereR={(x,y)[1=x*+y*<9, y=0}

sin(x? + y?) dA,
where Ris the annular region 1 < x? + y? < 16

. ([, 1/+v/x2 + y2 dA, where D is the region that liesinside the

cardioidr = 1 + sinf and outside thecircler = 1

. [[, v/x2 + y2 dA, where D is the region bounded by the

cardioidr = 1 + cos6

1
. || —=————=> dA, where D istheregion in the first
3 )
g (1+x

+ y2)3/z
quadrant enclosed by the circle x*> + y*> = 16

(x*> + y?)dA, where D isthe region bounded by the
spiralsr = fandr = 20for0< 6 < 27

B Click here for solutions.

10-13 m Use adoubleintegra to find the area of the region.
10. The region enclosed by the cardioidr = 1 — sin 6
11. The region enclosed by the lemniscate r> = 4 cos 26

12. The region inside the circle r = 3 cos6 and outside the
cardioidr = 1 + cos6

13. The smaller region bounded by the spiral r6 = 1, the circles
r =1andr = 3, and the polar axis

14-17 m Use polar coordinates to find the volume of the given
solid.

14. Under the cone z = {/x? + y? and above the ring
4<sx*+y*<25

15. Under the plane 6x + 4y + z = 12 and above the disk with
boundary circle x> + y> =y

16. Inside the sphere x* + y? + z2 = 4a” and outside the cylinder
x? + y? = 2ax

17. A sphere of radius a

18. Evaluate the iterated integral

J‘3 f‘ o arctan% dy dx

0Jo

by converting to polar coordinates.
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I3 Click here for exercises.

1. The region R can be described in polar coordinates as
R={(r,0)|0<6<2m,0<r <5} Thus,
J[prdA = fzﬁfos (rcos®)rdrdf

= (S5~ cosoan) (f5 r2ar)

= [sin0]2" [%rﬂz =0

2. ffRydA:fﬁ/4f03 (rsin0)rdr do
=< 7r/451n¢9d6?)( 3r2d7')

-(B) 0 =sfi- 3

[[rzydA = fw/2f2 (rcosf) (rsinf) rdrdf
= [sinbcosfdf [; rdr

|l

= [$sin?0]7" [37%];
_ 1. 5% 2% _ 609
=32 T~ "8

+ ffR \/mdA = fowff VrZrdrdd
= (7 do) (9 ar) = 03 [3°)7 = v (552) = %

5. fo% f14rsin( ) drdf = —2m [% cos (7‘2)];l

=7 (cos1 — cos 16)

6. The circle r = 1 intersects the cardioid » = 1 + sin & when
1=1+sinf = 6O6=0o0rf=m,s0

! dA = [T [1Fene <%)rdrd9

Mo o
=fy [r]iTsin 0 dp = Jo sin6do
=[—cosf]g =2

2T Areos? 2 drdf = [27 1 (14 cosh)® df

27

=2 [, (cos® 0+ 3cos® 0 4 3cos 0 + 1) d
=10+3r+0+2r) =121

. [ —
b (I+a%+y7)

/2 4 1
:/O /O T
= ( 0”/2 de) (f047‘ (1 +r2)73/2 dr)

=0l [ 1 +r2)*”2]z =3 (1- %)

N Clich here for answers.

o [0 [ P rdrds = [77 (2220 dg = 1 [27 150" df
=3[6°2" = 2 (32n°) = 24n®

10. By symmetry,

A= [T [ vdrds = 705, [ o

= ["/2 (1 —2sin6 +sin®0) do

/2

—fﬁ/z [1+ 3 (1 —cos26)] do

/2

/2 (§ — —cos?@) do

—7/2
since 2 sin 6 is an odd function. But

% — 1 cos 20 is an even function, so

f’r/Q — c0s20) df = [30 — 5 sin26] /2 =3,
11. By symmetry, the two loops of the lemniscate are equal in
area, SO

/4 cos /4 r=2+/cos 20
A=2]" 7{/4 Vo2 dh = [T 7{/4 i de

ffw/4 4cos20df = 8fﬂ/4cos29d9

= 4sin26]7/* = 4

12. 3cos® = 1+ cos 6 implies cos§ = 2,506 = +

3 . Then by

wlx

symmetry
7/3 3 cosb /3 11 3cos b
- 2f 1+c059 rdrdf = 2f [5 ]1+cos€ do
/3

= Jo (9c0329— 1 —2cos€—cos20) df

= Oﬁ/g [8- 3 (14 cos20) —2cosf — 1] df

= [46 +25in20 — 2sinf — O]7/° =

(e

C is the point r = 1, § = 1 rad; the arrow indicates the
direction of increasing . B is the point r = 3,

_ 1 . . .
6 = 5 rad. The region, as a type I polar region, is
{(r,0) |1 <r<3,0<0<1/r},sobyFormula 3, we
have A = fl l/rrdﬁdr = f13 ldr =2.

4.V = ff4<gc2+y2<25 Vo +y?dA

0% 52 drdf =27 -—53 2%

__ 234w __
= =% =T78m
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15. y
2rb-1 -4
(0.5)
0 x
V:ff2+ i(12 6x — 4y) dA
= fo sin 0 (12r — 672 cos 0 — 4r? sin 0) drdf
= fo (651n2 0 — 2sin® 0 cosh — 4 sm 6) do
= [% (0 —sinfcosf) — % sin* 6 + gsiHZHCOSQHJr =5
This can also be done without calculus: the volume of this
cylinderis w (3) (2) = 3F.
16. y

22 + y? = 2ax implies (z — a)® 4+ y? = a? is the equation
of the cylinder. Thus the region in the xy-plane is the disk
2?2 +y? < 4a? less the disk (z — a)® + y? < a®. Inpolar
coordinates 22 4+ y? = 2ax becomes r = 2a cos 6 and the
desired volume is the volume of the sphere less the volume of

the cylinder inside the sphere. Moreover, by symmetry the

volume of the cylinder inside the sphere is twice that above

the zy-plane. Hence

327‘r 3
V= - 2ff(L a)24y2<a? V4 y?dA
= 2xg? o [T, 34" VAaZ = 72r dr df

_ 327\— 3 fﬂ'ﬂ-/Q |:__ (4a _ )3/2:|2ﬂcose

0

=g 3 2 fﬂf/er [1 -(1- cos? 0)3/2} df
= 3_Tr _ 16 Sf”ﬁz (1 — |sin9|3) df

But
J72, |sin0]*d0 = [/ sin®0do + [©, —sin® 0dp

= [~ cosf + 3 cos® O]W/ = cos@+%cos30](iﬁ/2
_ 4
3
Thus
V= 20— 80 (- 4) = Hea® + o
1608 (3554)

17. V:2ff2+y2<a2 vaz—x?2 —y2dA

= 2f Iy Vaz —r2rdrdd
e[ = e
18. f fo arctan(y/m)dyd:r

= arctan (tan @) rdrdf = [T [ 0r dr do
Jo Iy (tan 6) Io Is

=y (32 a0 = $0%); = g



