12.3 Double Integrals over General Regions

SECTION 12.3 DOUBLE INTEGRALS OVER GENERAL REGIONS

B Click here for answers.

1-6 w1 Evaluate the iterated integral.
1 (y 1y
1. JO L x dx dy 2. fo L y dx dy

3. f; ﬁ (x2 + y) dy dx

5. [ [ sintx?) dy ax o [0 2rayax

7-19 i Evauate the double integral.

7. ffxydA, D={xylo=sx<1 x*<y=<x}
D

. JJ (x — 2y) dA,

D={xy|l<x<3 1+x<y<24

o

. ff (x2 — 2xy) dA,
D
D={(xy)|0=sx<1 Jxsy=s2-x
10. || xsinydA,
i
D={(xy)|0<y=u/2 0<x=cosy}

1
. ﬂ;dA, D={(xyll<sys<e y*<x=<y%
D

12. || (3x + y) dA,

i
D:{(X,y)"ﬂ/6$X$7T/4’gnxsy$cosx}
13. || (y — xy?) dA,

i

D={xy|0sy<1 —ysx<1+y}

14. JJ (x> + y)dA, Disboundedbyy=x%y=2— x?

15. ‘3xydA, Disboundedby y = X,y = x> — 4x + 4

o— o

4, f: J‘llf: (2x — 3y?) dy dx

B Click here for solutions.

16. ﬂ e*YdA, Disboundedbyy =0,y = x, x = 1
D

17. ﬂ xy dA, D isthefirst-quadrant part of the disk with center
D
(0, 0) and radius 1

18. JJ (y?— x)dA, Disbounded by x = y? x = 3 — 2y?

D

19. H ye*dA,
D

D isthe triangular region with vertices (0, 0), (2, 4), and (6, 0)

20-26 i Find the volume of the given solid.

20. Under the paraboloid z = x® + y? and above the region
bounded by y = x? and x = y?

21. Under the paraboloid z = 3x* + y? and above the region
bounded by y = xand x = y* — y

22. Bounded by the paraboloid z = x* + y? + 4 and the planes
x=0,y=0,z=0,x+y=1

23. Bounded by the cylinder x> + z?> = 9 and the planes x = 0,
y=0,z=0,x+ 2y = 2inthefirst octant

24. Bounded by the planesy = 0,z = 0,y = X, and
6x+2y+3=6

25. Under the surface z = 1 + xy and above the triangle with
vertices (1, 1), (4, 1), and (3, 2)

26. Bounded by the cylinder y? + z2 = 9 and the planes y = 3x,
y = 0, z = 0in thefirst octant

27-30 i Sketch the region of integration and change the order of
integration.

27. f: f:f(x, y) dy dx 28. fo”/z f:“xf(x, y) dy dx

29. | [ 1(xy) dxdy 30. [ f0xy) dxay
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Ansiers
I3 Click here for exercises. B Click here for solutions.
1. % 2.% 28. fo f;{fly z,y) dz dy
_ N2 _13 y
316 (1- +2) 4L @
5. 2 (1 —cosl) 6.2 —4In2 y=sinx
1.5 8. - D |73
9 1
9%~ % 10.5 0 (Zo)
1. 2 12,3213 | 14-13V3
13. 3 14, 8 29. fo fo (z,v) dyd;t+f1 f(z,y)dydx
2 y
15, 2532 16. 5 (e —2e+1) 02K 4 y=2
17. 3 18 -2
19. ¢ —9e? — 4 20. & x=y AN
n 2 2. 18 2.0
0 (1,0) X
23. = (11\/5727) —sm 1(%)
30.
24. % fo
25 2 26.3

27. folfyl f(z,y)dzdy
y
1+




Solufions
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I3 Click here for exercises.

Lo Jyededy = [} [32°]Y dy = [ [3v*) dy =

2 [y fy ydedy = [y y*dy =3
3. fﬁf\% (z° +y) dyda = f02 [z%y + %yﬂ?ﬁ dz

2
= {x3+%x7%x7/27%x2} =16 (174)
x — 3y )dydx—fo [2zy —y ]H_T dz
:fo [42% — (14 2)® + (1 —2)%] da
=[3* -~ 3+~ 1A -2,
=5-4d+it+i=—%
5. folfom sin (2°) dy do = fol zsin (2%) do

=4[ cos (@)} = £ (1 - cos)

1 2 70
// 2y dydm:/ { L } dx
z+1 o Lz+1], 4

s L2

Ll

=—[i2® =3z +4ln(z +1)]; = & —4In2
o [ aydyde = [ [y Y da
=3 (@ o) do =3 [3o° — §2°] = 5
8. fl 1+I (z —2y)dy dac—fl [my y]l_m dx
_f1 [ 2 3g? —x] dx
ﬂ%(lm)?’—x?’—%xﬂ?-—%
9. folff/;c (z° — 2zy) dy dx = fol [2%y — :cyz]f/;w dz
:fol (—2x3+7x2—4x—x5/2) dx
= [f%x4+ %x3 —22% — %:c”ﬂ(l) = 7%

10. foﬁ/QfOCOSy zsiny dx dy = ﬂ/Q 1 (cos® ysiny) dy

_ 3. |7/2 _ 1
= —geos’yg"" =3

4
: fff;z (1/z)dedy = [] (lny4 —lny2) dy
= [ 2lnydy =2[ylny —y]; =2
f://;fcosz Bz +y)dyde = f”/; 3oy + 1%~ d

sin x ™ y=sinx

—
[ad

= f:/; [3z (cosz — sinz) + % cos® x — & sin® z] dw

7T/4

/6 —3f77/4 (sinz 4 cosz) dx

3z (sinz + cos z)

/4
/6

=3(5) V25150 430+ 50 15 (1)

3\/5—41—\/57r + 14—3;3\/5

+ [i sin 2m]

N Clich here for answers.

13. folflﬂ (y— a:y2) drdy = fol [ay — 1 2y2}z 1+y dy

=fo (0’ + 3 +y)dy= —3v* +3¢° +5y]o=%

A
JLIE (02 4 y) dyde =2 [ [
:2f0 2%y + 592]5 i2:£ d$=2f01 (22" +2) dz

=4[—32° +x}0:1_56

(ac2 + y) dy dx

15.
y
(4,4)
Lyx” P
0 (2,0) X
4 rx _r4r3 21Y=T
f1 fx2—41}+4 3y dy dx = f1 [—x ]y 22 —dzt4 dx

=3[ —a(z—2)"dz

=3 - @-2" -2 -2)"]dx
=3[1a" -1 ( a:—2)6—2(ac—2)5}411
=35 (64-57) =

x _ex) dy = [%eQw _eac](l)

16. folfom ety dr = fol (e?
= % (62 —2e + 1)
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(1.1

1=

PRSP (2 —x) dedy = [1 [oy® — 122070,
= [ B2y -1 (3-2?)°
=L (-3 +9* - §) dy

_ [7 24 1 33 24

- 39}1_1 =75

2,4

x=y/2 x=—-y+6

D

0 6,00 x

Jo s vet dudy = [ lye*2Z0 Y dy

= Jo (we"r = yer/?) ay

-l ]

(by parts separately for each term)

=122 +3e2+e8 —4=¢5—-0e2 -4

20. y
1,1

D
0\ x
V=[5 (22 +97) dyda

= Jo [Py + 30%))25 da

y=x2
:fol <m5/2 = _|_1 3/2 33}, )dw
1
= (307 et e ] = = 8
21. y
2,2)
0 X
V=2 S, (32% +y?) dedy
2 =
= fO [xg + yzm] 2:52—.1/ dy
= [y [20° = (v° = 30" +4y" —2°)] dy

_ 1,7 , 1,6 4.5 4712 _ 144
= [+’ -+ = 5

:c:3—2y2

-’y +%(y2)2] dy

22. y
o)
x+y=1
D
0 (1,0)\ x
V:fol 01 z(x2+y2+4) dy dx
:fol [m2y+ y3—|—4y]y 1T e
:fol[a:z—a: +i(1l-2’+4(1-2)]dx
= et 02 () = B
23.

24. y

0‘ 2,0) «x

V= fo 1-w/2 V9 —x2dydr = f02 [y\/g — $2]5i371/2 d

= fo (V9 —2% — $2v9 —2?) da

= [PV da + 1 [ (20VT— 2%) da

= [%$m+ Ssin~! (z/3) + 1 (9— x2)3/2}z
_\/_+251n*1§+5\/_ %( 7)

1 (11v5 —27) + Zsin™(2)

(33

0 (1,0) x

= [JA[ET L6 — 62 — 2y) dw dy

_ 3/4[ (3 y)ZII— ]z:(B—y)/S dy

0 T=y
= 3B -y’ -2+ 3y dy

= [-&B-y’ -+ 55"

__ﬂ__ 15 — 1
- 64 +64+1 4

25.

(3.2)

2y—x=1 i t xty=5

L1) (4,1)

0 ‘ X

r=5—y

V= fl 2y 1 1+xy)d:rdy—f1 [x+ xy]r 2y—1

= [ (6-3y—3y°
= 6y + 5y

—3y% + 12y) dy

3,4 312 _ 55
sY y]l_S

dy



2. y
0,3)] (1,3)
D
y=3x
0 X
V== dedy = [} dy/9— P dy
3/2]3
= _%(g_yZ) /} —3
0
27. y
1+
y=x
x=1
Because the region of integration is
D={(z,y)|0<y<=z,0<z<1}
={(z,y) ly<z<1,0<y <1}
we have
Jo I3 f @ y)dyde = [[,, f (x,y)dA
= Jo [, f(@,y)dady
28. y

(z.1)
y=sinx
w
D X=%
’ (30
Because the region of integration is
D={(z,y)|0<y<sinz,0<z< 3}

={(z.y) |sin'y <z <F0<y <1}
we have

ST IR f (@y) dyda = [, f (2,y) dA

= fo fs71rn/31 (z,y) dz dy

29.

30.
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y
©.2) x+y=2
x=y? 1,1)
: (2,0
0 (1,0) X

To reverse the order, we must break the region into two
separate type I regions. Because the region of integration is
D={(z,y) |y’ <z <2-y,0<y<1}

= {(@y) [0<y<VE0<z<1)

u{0<y<2-z,1<z<2}

folqu;yf(x y)dedy = [[, f(x,y)dA

= [y [ f(@y) dydo+ [2[777 f (2,y) dy do

0

Because the region of integration is
D={(z,y) |y/2<2<2,0<y<4}
={(z,y) | 0<y <2x,0< z <2}

ﬁ@gmwmw:m)L )dA

= 212 f(z,y) dydz



