SECTION 11.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR

11.6 Directional Derivatives and the Gradient Vector

B Click here for answers. B Click here for solutions.
1-5 m Find the directional derivative of f at the given point in the 14, T(X,y,2) = Vxyz, (2,4,2), v={(42 —4)

direction indicated by the angle 6.

15. g(x,y,z) = xe¥* + xye’, (=2,1,1), v=i-—2j+ 3k
1. f(x,y) =x3*+2x%, (1,-2), 6=u/3

16. Y, z) = -1 , , 2, —2), =i+j—-Kk
L f(xy) = Sn(x + 2, (4,-2), 0= 3n/4 gy ) =xtan ), (L2 72 v

17. g(x,y,2z) = 22 — X%y, (1,6,2), v=3i+ 4]+ 12k

L fxy)=x*—vy?3 (3,1, 6=3n/4

2
3. f(x,y)=xe? (50, 0=mu/2
4

18-23 ' Find the maximum rate of change of f at the given point
5

Ty =y, (1,2, 6=a/2 and the direction in which it occurs.
’ ’ ’ ’ ’ ’ 18. f(x,y) =+/x2+ 2y, (4,10
6=9 m 19. f(x,y) = cos(3x + 2y), (m/6, —m/8)
(@) Find the gradient of f. y Y. (m/6 —m/
(b) Evaluate the gradient at the point P. 20. f(x,y) =xe¥+ 3y, (1,0
(c) Find therate of change of f at P in the direction of the _ ) )
vector u. 21. f(xy) =In(x*+y?), (1,2
6. f(x,y) =x®— 4x?y +y? PO, -1), u=(3% 2. f(xy,2) =x+y/z, (43 -1
-1 2 _X y
= o'y (= = 3. fxyz=—+— (421
7. f(x,y) = e*siny, P(1,w/4), u <\£ NG y oz
8 f(xy2) =xy% P -21), u=(— %L
Y v T V3'V3'3 24-30 i Find equations of (&) the tangent plane and (b) the
9. f(xy,2) = xy + y22 + % P(2,0,3), normal line to the given surface at the specified point.
_ <_z _1 z) 4. xy+yz+zx=3, (1,1,1)
U=1\73 "33
25. xyz =6, (1,2,3)
10-17 i Find the directional derivative of the function at the given 26. x>+ y?—z2—2xy+ 4xz =4, (1,0,1)

point in the direction of the vector v.

10. f(x,y) =x/y, (6,—2), v=(-13)
1. f(x,y)=+vx—vy, (51, v= (12 5)
12. g(x,y) = xe¥, (=3,0), v=2i+ 3j

27. x> —2y* — 32+ xyz =4, (3,-2,-1)
28. xe¥* =1, (1,0,5)
29. 42+ y2 +22=24, (2,22

30. x2—-2y?+2°=3, (-1,1,-2
13. g(x,y) = e*cosy, (1, 7/6), V=i —] . . . . . .
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fAinswers

I3 Click here for exercises.

. 7V3—16 2.

S~

. —10 4. —672v/2
.1
. (@) (32° — 8zy) i+ (2y —42?) j

(b) =2 © -3

. (@) e"sinyi+ e’ cosyj

0) Re(i+i)  (0) e

. (a) <y223, 2ay2>, 3xy2z2>
(b) (4,—4,12) © Z
. (a) <y + 23,0422, 2yz + 3acz2>
(b) (27,11,54) (c) 2
—2/1 n. L
2 13. Lgde
—4—f/§ 17.8

Bl Clich here for solutions.

20. /5, (1,2) 21.

22. /11, (1, -1, -3)

8. Qx+y+z=3
Dr=y==2

25. (a) 6z 4+ 3y + 2z =18
®ia-1)=1@y-2)=

2. )3z —y+z=4

It =—y=z2-1
27. (a) 8z + by =14
r—3 y+2
A as—
(b) o= = L=

2. (a)x+by=1
(b)x—lz%,zzS

2. @4dx+y+z=12

(b)$;2:y—2:z—2
3. x+2y+22+3=0
y—1 2z42
1= ="
(b) x + 3 3

> <172>

S

23. YT (1,0, —4)

L(z-3)
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I3 Click here for exercises.

L f(z,y) =2y’ + 22y = fo(z,y) = 2uy° + 82%y
and f, (z,y) = 32%y* + 22*. If u is a unit vector in the
direction of § = %, then from Equation 6,

Duf (1,-2) = fo (1,=2)cosE + f, (1,~2)sin %
:(—32)(§)+(14)( )—7\/_—16

2 f(z,y)=sin(z+2y) = fo(z,y)=cos(z+ 2y)and

fy (z,y) = 2cos (z + 2y). If u is a unit vector in the
direction of § = 3—" , then from Equation 6,

Duf(4,-2) = fa:(, 2) cos 3 + f, (4, —2)sin 3¢
= (cos0) (7%) + 2 (cos0) (@) = @

3. f(z,y) =z = f.(x,y) =e *¥and

fy (z,9) = —2xe™2¥. If u is a unit vector in the direction of

0 = 3, then

Duf (5,0) = fu (5,0) cos Z + f, (5,0)sin Z
=1-0+(-10)1=-10

4-f(7y):(x2_y)3 = Duf(z,y) =
3(2? —y)2(2m ) cos & + 3 (2 —y) (—1)sin L. Thus
Duf (3,1) =3 (8)° ()(— ) -3
5. f(zy) =y =

D“f ('Tvy) = (yac lny) Cos % + (:Eym_l) sin 5 = xyY
Thus Do f (1,2) = (1) (2)* ' = 1.

6. f(z,y) =2 —da’y +y°

@ Vf(z,y) = fai+ fyj = (32 — 8ay) i+ (2y — 42%) ]

() Vf(0,-1) =-2j
©Vf(0,-1) - u=—3
1. f(z,y) = €e"siny
@) Vf(2,y) = fri+ [y = e sinyi+ e cosyj
®) Vf (1) = Fe(i+])
©Vf(1,2) u :726(%):\/%6
8 f(z,y,2) = a2
(a) vf (x7yv Z) = <fz ("'E7y7 Z)?fy (x,y,z),fz (x7y7z)>
= <y22372xy23,3my2z2>
() Vf(1,-2,1) = (4,-4,12)
©Vf(l,-21)u=Z+x+2=2
9. f(z,y,2) =xy +yz* +x2®
(a) vf (ZI?,’y,Z) = <f7/‘ (x7y7 Z)7fy (507y72)»fz (CC:?J»Z»
= <y+z3,m+z2,2yz+3xz2>
(b) Vf(2,0,3) = (27,11,54)
(©) Vf(2,0,3) - u= = ( 54 — 11+ 108) =

8)° (*2) = —672v2.

N Clich here for answers.

0. f(z,y) =z/y = Vf(z,y)=1/y,—z/y*),
Vf(6,—2):<—%7—%>,u:<—\/%,\/il—o>and

_ 1 9 _ 4 _ _2V/10
Duf 6 -2 =5~ wvm = Vw5

n f(zy) =Vor—y =
Vi(z,y) <%(m—y)*l/z,—g(ag—y)*l/2>,
Vf5,1) = <%, —%>, and a unit vector in the
direction of vis u = <E 5

137 13

Duf (5,1)=Vf(5,1) - u=8-5=

), s0

B~

12 g (z,y) =ze™ = Vg(z,y) = (e (1 +zy),2°€"),

(e
Vg (~3,0) = (1,9), u = <¢—_ \/——>and

_ 2 27 29
Dug(=3,0) = 75 + 75 = 73

13. g(z,y) = e“cosy =
Vg (z,y) = (e" cosy, —e"siny),
T\ _ /3 1 _ /1 1
Vg (1, g) = <T€7 —§€>, u = <ﬁ, ——2> and
T\ _ /3 1 _ V3
Dug(l,g)—z—ﬁe—i—z—ﬁe— 2\/5 e.
W f(z,y,2) = Jzyz =
Vi (@y,2) = 5 (ayz) " (yz, 0z, 29),
Vf(2,4,2) = (1,3,1),u= (33, —3)and
15. g (z,y,2) = ze¥* + zye® =
Vg (2,9, 2) = (¥ + ye*, w2e¥ + ve*, y (¥ + 7)),
Vg(=2,1,1) = (2e, —4e, ~4e), u = = (1, -2,3) and

Dug(—2,1,1) = (2;>Ll>+< 1902 | (a6 2

=

16. g (2,y,2) = xtan™" (y/z) = Vg(z,y,2) =
<tan (y/z),zz/ (y2 + z2) ,—xy/ (y2 +22)>,
Vg(1,2,-2)=(-§,—3,—3),u= 75 (L,1,~1) and

— =M@ (G29]€)) D) ™
DUg (17 27 _2) - 43 + 43 + 43 m

17. g(x,y,2) = 2° — 2%y =
v,g (a:,y,z) = <-21’y, —1’2,3Z2>,
Vg(1,6,2) = (-12,-1,12),u 133v 137 13> and

Dug (1,6,2) = £120) | (CL@ | 0202) _g

18. f(z,y) = 22 +2y =

T 1
Vf(z,y) = , . Thus the
(@,9) <\/:1:2+2y \/:c2—|—2y>
maximum rate of change is |V f (4, 10)| = g in the

direction (2, +) or (4, 1).
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21.
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23.

24,

25.
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. f(z,y) = cos(3z +2y) =

Vi(z,y) = (—3sin (3z + 2y) , —2sin (3z + 2y)), so the
maximum rate of change is |V f (5, —Z)| = /32 in the
direction <f¥, f\/§> or (=3, —2).

fla,y)=ze ™V +3y = Vf(z,y)=(e"3—-ze?),

Vf(1,0) =1
change and the maximum rate is |V £ (1,0)| = v/5.

,2) is the direction of maximum rate of

f(z,y) =In (x2 +y2) =

2x 2y
Vi(z,y)= <m, e

)97 0.2) = (3.0,

Thus the maximum rate of change is |V f (1,2)| = % in

the direction (2, £) or (1,2).

1
fps) =tz = V@na=(L1-%),
so the maximum rate of change is |V f (4,3, —1)| = v/11 in
the direction (1, —1, —3).

f@y,2) =

+2 =

< |8
SIS

11 .
Vf(z,y,z2) = <—, - — %,f%>, so the maximum rate
Yy z Yy z

of change is [V f (4,2,1)] = @ in the direction (3,0, —2)
or (1,0, —4).

F(z,y,2) =zy+yz+z2z =

VF(z,y,2) = (y+ 2,z +z,2+y),
VF(1,1,1) = (2,2,2)

(@) 2x+2y+2z=6o0rx+y+2=3
br—1l=y—1l=z—lorx=y==2

F(z,y,z) =xzyz = VF(z,y,2) = (yz, 2z, zy),
VF(1,2,3) = (6,3,2)

(a) 6z + 3y + 2z = 18
®s@E-1)=30@-2=3(-3)

26.

27.

28.

29.

30.

F(z,y,2) = 2> +9* — 2% — 22y + 42z =
VF (z,y,z) = (2x — 2y + 42,2y — 2z, —2z + 4z),
VF (1,0,1) = (6,-2,2)

@6(z—1)—2(@y—0)+2(z—1)=0o0r
3x—y+z=4
z—1

b) ——=-y=2-1

F(z,y,2) =a2®> —2y* = 32> + zyz =
VF (2,5, 2) = (22 + y= —4y + 2, ~6% + o),
VF(3,-2,—1) = (8,5,0)

@8(x—3)+5@wy+2)+0(2+1)=0o0r8z+5y=14

r—3 y+2
b —Jr=
() T2 = L=,

z=—1

F(z,y,z) = ze¥* =
VFE (z,y,z) = (e¥?, xze¥?, zye¥?),
VF (1,0,5) = (1,5,0)
@1(z—1)+5(y—0)+0(z—5)=0o0rz+5y=1
(b)x—lz%,zzf)

F(z,y,2) =42° +y*> + 22, VF (2,2,2) = (16,4, 4)

() 16z +4y+4z =48 ordz+y+ 2z =12
T—2 y—2 z—2 x—2
O =g =" =1 "3

=y—2=z-2

F(x,y,2) = 2% — 2> + 22 =
VF(-1,1,-2) = (-2,-4,—-4)

(a) 2xr—4y—4z=6o0orz+2y+22+3=0

y—1 242
l=2——=_-
d) z + 3 5



