11.5 The Chain Rule

SECTION 11.5 THE CHAIN RULE

B Click here for answers.

1-8 1 Use the Chain Ruleto find dz/dt or dw/dt.
Lz=x>+y? x=1t3 y=1+1t°

2 z2=x%% x=1++1 y=1-t
.z=In(x+y?), x=V1+t y=1+/t

4. z = xe¥’, x=cost, y=e?

5. z=6x3— 3xy + 2y?, x=¢', y=cost

6. z=xJ1+y? x=te? y=e¢e"

7. w=xy*%® x=sint, y=cost, z=1+¢e*

X
8.w=§+x, x=4t, y=cos2t, z=e™
zZ

9-14 1 Use the Chain Rule to find 9z/ds and dz/ot.
9. z =x%siny, x=s?+1t% y=2st

10. z=sinxcosy, x=(s—1? y=s?—1t2
Moz=x2- 3% x=se, y=se"

12. z = xtan }(xy), x=1t% y=s

13. 2=2% x=s5% y=st?

14 z=xe +ye*, x=¢' y=st?

15-22 1 Use the Chain Rule to find the indicated partial
derivatives.

15. w=x*+y?+ 2% x=+, y=scost, z=ssint;

16. u=xy +yz +zx, X=¢t, y=e%, z =13
o

—, — whens=0,t=1
Js  odt

17. z = y?*tanx, x =t2w, y=u + tv?

B Click here for solutions.

X
18. z=—, x=re%, y=rse}

y
d ad d
i,i,iwhmr=l,s=2,t=o
ar  9s ot
X +
19. u= y,x:p+r+t,y=p—r+t,z=p+r—t;
y+:z
du gu au
ap’ ar’ ot
Jat at ot
20. t = zsec(xy), X= U, Y =ovw, z =wlU;, —, —, —
z sec(xy) v, Y =vw, z=w o0 90 9w

21. w = cos(x — y), x =rs®sing, y = rstcosé;

o ow ow ow

ar’ 9s’ ot 00
X
—

22. u=pg— pPr%, Pp=x+2y, q=X—2y, I =
4o, U OU y
s=2xy”% —, —
ax’ oy
23-26 1 Use Equation 6 to find dy/dx.
23. x> —xy+y*=8 24, y5 + 3x?y? + 5x* =12

25. xcosy + ycosx = 1 26. 2y? + ¥/xy = 3x* + 17

27-33 1 Use Equations 7 to find dz/ax and az/dy.

27. xy +yz —x2=0

28. x>+ y?—z2=2x(y + 2)

29. xy’2® + x*yZ =x+y+z

30. y%e*"Y — sin(xyz) = 0 31 xy?+yz2 4+ z2x*=3
32. xe¥ +yz + ze¥=0 33. In(x + yz) = 1 + xy%?®

34. Theradius of aright cylinder is decreasing at arate of
1.2 cm/swhileits height isincreasing at arate of 3 cm/s. At
what rate is the volume of the cylinder changing when the
radius is 80 cm and the height is 150 cm?



2

SECTION 11.5 THE CHAIN RULE

fAinswers

I3 Click here for exercises.

, (1-1) (1-v7)°

. (22739 1n2) (2st — 3¢2), (273 1In2) (s% — 6st

(

. (xey + efz) 12, (ey - yefz) et +2 (xey + efz) st
. 2,0

665 + 4¢3 + 4t
3(1—-1)?

Vit 2Vt

1 ( 1 +1+\/Z>
VIFE+14+VE\2V1+1 Vi

2 2t 2
| _geost/et |:<1+COSt)Sint— e* cos t]

e2t et

. (1862t — 3 cos t) et + (Set — 4 cos t) sint
L ePV T+ e 2 (1+2t) —t/T+ e 2

. y°2% (cost) 4 2zyz® (—sint) + 3zy®2” (2¢*)

L o) <% - 1) by

223t

2yV/t

z

. dszsiny + 2tx® cosy, datsiny + 25z cosy

. 2(s —t)cosxzcosy — 2ssinz siny,

2(t —s)cosxcosy + 2tsinzsiny

. (23: — 6xy3) et —9z%y?e !, (2x — 6:cy3) sel +9z2y%set

2t 2
z°e zy (2t) +

—1
tan (my) + m

ozt
1+ z2y? s¢

. sec (zy) [w + vzy tan (zy)], z sec (zy) tan (zy) [yu + zw],

sec (zy) [u + vzz tan (zy)]

Bl Clich here for solutions.

21.

22.

23.

25.

27.

29.

30.

31

32.

33.

34.

stsin (z — y) [2r cos§ — st® sin§],
[rtsin (z — y)] (r cos 6 — 25t sin6),
[srsin (z — y)] (r cos 6 — 3st”sinf),
[—rstsin (z — y)] (st* cosf + rsinf)

_ 82% (x+2y) (x+y)

2z 1372 ’

(z +2y) 2°y"/> (5 + 2y)
—8y + e
y—2x 2 _6acy2+20w3
3y2 —x T 5yt + 622y
ysinx — cosy 18x — x_2/3y1/3
cosx — xsiny T 12y + x1/3y—2/3
Z—Yy T+=z 28 rT—yYy—2z Yy—x
y—x T—y T oz4z Cz+4w

_ Y223+ 32%y%2 — 1 _21:yz3 +223yz -1
3wy?22 +a3y? — 17 3Bay?22+a23y? —1

2z cos (zyz) — yze®tY zzcos (zyz) — "MV (2yz + y°2)

ye*+¥ — xcos (zyz) ’ y2er+v — xy cos (zyz)

_y2 + 2zx _2:cy+z2
2yz + 227 2yz + 2

eV +ze"  ze¥+2z
y+er’ y+e®
V222 (x+yz) -1 2xyd (x4yz) — 2
y —3zy?22? (v +yz)" y — 3wy?2? (z + yz)
—96007 cm® /s
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I3 Click here for exercises.

Lz=z?4+3% o=t y=14+t =
dz dx dy
=2z 2y—=
T @ T
= (2t°) (3t°) + 2 (1 +t7) (2t) = 6t° + 4> + 4t

2z=2*Pc=1+Vty=1-+vt =

dz sda 5 5d
it
1 ) 5 1
=g (5
3 1
=2(1++t) (1-V%) NG
+3(1+\/E)2(1—x/¥)2(—2i\/£>
A= 0-v)’ 30-1°
B Vi 2Vt
3.zzln(a:—l—yz),x:\/l—i—t,y:l—l—\/f =
dz 1 1 1

1
—_— 2 —_
dt  (z4+y?) 2v/1+1 + (z+y?) y2\/Z

7 1 ( 1 +1+\/)
VIFE+14+vE\2v1+1 NG
4 z=ze®Y, x = cost,y = e** =

% = /Y (1 + ) (—sint) — x?y~2e*/¥ (2¢*")

2 2t 2
— _poost/e |:<1+COSt) sin¢ — 2€cos t:|

e2t edt

5. 2=62% —3zy+ 2%, c =€’y =cost =

% = (182% — 3y) €' + (—3x + 4y) (—sint)

= (18e* — 3cost) €' + (3¢’ — 4 cost) sint
6. z=a\/1—ytz=te?,y=e" =
N Tl G )
iz (1+y?) 2 (2y) (—e )
=e*V1+e 2 (1+2t) —t/1T+e 2t

7. w = xy2z3, r =sint,y =cost,z =1 +e2 =

dw _ = y?2° (cost) + 2zy2® (—sint) + 3zy®z> (2€>")

dt
8.w:£+g,x:\/f,y:cos2t,z:6_3t =
Y
dw 1 1 . —y _3t
r _y2\/_ < + )(—251n2t)+z—2(—36 )

. T 1 3y
- 4o(sin2t) (= - =
2y\/f + 2 (sin 2t) <y2 z) t e

N Clich here for answers.

9. z=a’siny, x =2 +t2,y=2st =

% = (2wsiny) (25) + (22 cosy) (2t)
= 4szsiny + 2tz cosy
% = (2asiny) (2t) + (2% cosy) (2s)

= 4xtsiny + 2sx% cosy

0. z =sinzcosy,z = (s —t)°,y=5> -1 =

% = (cosz cosy)2 (s —t) — (sinzsiny) (2s)
=2(s—t)coszcosy — (2s)sinzsiny
% = (coszcosy) (—2) (s —t) — (sinwsiny) (—2t)

=2(t—s)coszcosy + 2tsinzsiny
cz=22—32%P =5, y=se! =
0z/0s = (2z — 6zy®) (') + (—92°y°) (e7")

= (Zm — 6xy3) et — 9x%y%e™t

0z/0t = (2x — 6xy°) (se') + (—9x2y2) (—se™)
(290 — 6:ry3) se' + 9z%y%se™!
12 z = ztan~! (2y), x = t%, y = se! =
0z 1 T z? .
Z_ —2 40
5 = [ran ! o)+ T O o
2%
14 x2y2
0z 1 Ty z?
— = |t 2t
ot |:an (xy)+1+m2y2}( )+1+x2y2

13. 2 =2 ¢ =5,y =st> =

9z/8s = (2In2) (2st) + z (—31n2) (¢?)
= (2°7%In2) (2st — 3t°)

9z/0t = (2In2) (s*) + z (—31In2) (2st)
= (2% 1n2) (s> — 6st)

W z=zel+ye " x=c',y=st> =

0z/0s = (ey — ye*“’) (0) + (acey + efw) (tz)
= (xey + e_x) 2

0z/0t = (e —ye™™) (e') + (we? + e~ ") (2st)

. w—w2+y2+22,x:5t,y=scost,zzssint =
Ouw _dwds  wdy  owd:
ds  Ox Os Oy 0s 0z Os
= 2xt + 2ycost + 2zsint

When s =1,t=0,wehavex =0,y = 1 and z = 0, so

Ow/ds = 2cos 0 = 2. Similarly

Ow/0t = 2xs + 2y (—ssint) + 2z (scost)
=0+ (—2)sin0+0=0

when s = 1and ¢ = 0.
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16.

20.
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u=axy+yz+zr,c=st,y=e,z=1t> =

Ou/0s = (y+2)t+ (z + 2)te® + (x +y) (0) and
Ou/0t = (y +2) s+ (x + 2) se® + (z + y) (2t). When
s=0,t=1,wehavex =0,y =1,z=1,s0
Ouf0s=2+14+0=3anddu/ot =040+ (1)(2) =2.

. z:y2tan:r,x:t2uv,y:u+tv2 =

0z/0t = (y* sec® z) 2tuv + (2y tanz) v*,

0z/0u = (y2 sec? ) t2v + 2y tan,

dz/0v = (y*sec® ) t*u + (2y tan ) 2tv. When t = 2,
u=1andv =0,wehavex =0,y = 1,50 9z/9t = 0,
0z/0u =0, 9z/0v = 4.

z—z,mzreSt,yzrset =
Yy
%:le“—i—_—mset,%:lrte“—iret,
or y y? Js y y?
9z — Zrsest — L rset. Whenr =1,s = 2and t = 0, we
oty y?
havem:1,y:2,so@z/8r:%+%~2:0,
0z/0s=0—31=—-landodz/ot=1.2-1.2=1
u:x+y,m=p+r+t,y=p—r+t,z=p+r—t$
Yy+z
ou 1 (y+2)—(+y) z+y
O  y+z (y+2)° (y+2)°
_ Wyt + )@ty , 2w
(y+2)° (v +2)°
—2t t
—9 = _
4p? p?
1 _
@: z x2 —1) — x+y2:0,and
o ytz  (y+2) (y+2)
ou 1 z— T4y
ot y+z (y+2)° (y+2)°

y+z 2 1
22— == ==
(y+2) 2p p

t=zsec(zy), z =uv,y =vw, z =wWu =

% = [zy sec (zy) tan (zy)] v + [z sec (zy) tan (zy)] (0)
+ [sec (zy)]w
= sec (zy) [w + vzy tan (zy)]
% = [zy sec (zy) tan (zy)] u + [zz sec (zy) tan (zy)] w
+ [sec (zy)] (0)
= zsec (zy) tan (zy) [yu + zw)
g—i] = [zy sec (zy) tan (zy)] (0) + [zx sec (zy) tan (zy)] v

+ [sec (zy)] u
= sec (xy) [’u, + vzx tan (wy)}

2. 88—1: = [—sin (z — y)] s*t3 sin@ + [sin (x — y)] 2rst cos O
= stsin (z — y) [2r cos 6 — st* sin 6]
?9_1: = [—sin (x — y)] 2rst®sin 6 + [sin (x — y)] r*t cos d
= [rtsin (z — y)] (rcos 6 — 2st* sin 0)
%—Z) = [—sin (z — y)] 3rs*t? sin @ + [sin (z — y)] r*scos 0
= [srsin (z — y)] (r cos @ — 3st>sin 0)
88—15 = [—sin (z — y)] rs*t cos 0 + [sin (z — y)] (—r>stsin6)
= [—rstsin (z — y)] (st* cos 6 + rsin6)
1
22. % = (g —2pr’s) +p+ (—2p°rs) "
+ (71021"2) (2y3/2)
2
=p+q—2pris— % — 2p?r?y3/?
822 (z + 2y) (z + )
=2z - y13/2
& — (g 20r%5) (2) +p(-2)
dy
s () o
2 81027"333 2.2 1/2
=2(q—p) —4pr s+—y5 — 3p°rixy
N CR ) fv3y18/ ® (52 +2y)
Y
2. 2% —zy+y®=8,s0let F(x,y) = —ay+y>—8=0.
dy F, —-(2z-y) y—2
Then 24 = — 2= — = :
en dx F, —x + 3y? 3y —z
2. y° + 32%y? + 5zt = 12, so let
F(z,y) = y° + 32%y* + 52* — 12 = 0. Then
dy  Fp _ 6zy® +202°
dr F,  5y*+6x2y’
25. xcosy + ycosx = 1, so let
F (z,y) = zcosy + ycosz — 1 = 0. Then
dy _ cosy—ysinz _ ysinz —cosy
dr  —zsiny+cosxz cosx —xsiny’
26. 2y> + ¥xy = 32> + 17, so let
F(z,y) = 2y®> + &zy — 32> — 17 = 0. Then
dy _y/[3 (:cy)Q/s} — 6x 18 — gm2/3y1/3
dz 4yt / [3 (my)z/s} 12y + a!/3y=2/3
27. Let F (z,y,2) = 2y + yz — xz = 0. Then

%_7& y—z z—y
or  F, y—z y—<z
0z & Ttz _z+=z

oy~ F. y-z z-y



28.

29.

30.

31

2’ +y? — 2% =2z (y+2). Let
F(fﬂ,yyz):x2+y272272x(y+z):0. Then

0z Fr  2x—-2y—2z w—y-—=z
or  F, —2z2—-2x 24z ’
0z _ y _ 2y—2x y-—=x
a_y__Fz__—Zz—Qx_z—i—x

zy?2® + 2y = x4+ y+ 2. Let
F(x,y,2) = 2y*2® + 23y%2 — (x +y + 2).

Then % = _E = _y2z3 30ty - 1,
oz F, 3xy?22 + x8y? — 1
9z Fy 72:ryz3 +223yz — 1
Oy F, 3ry222 +23y2 — 17
Let ' (z,y,2) = y?2ze™ ¥ — sin (2yz) = 0. Then
0z _ Fy _ _yzzez’“’ — yzcos (zyz)
oz F, y2e*tv — zy cos (zyz)

2z cos (zyz) — yze™tY

yer+v — x cos (zyz)
0z F,

oy~ F.

zzcos (zyz) — "1V (2yz + y°2)

y2e*+y — zy cos (zyz)

cxy? 4 y2® + za® = 3, 50 let

F(x,y) = 2y® + yz* + z2®> — 3 = 0.

0z F, y? + 22z
Then — = —— = —Z2—"""and
en ox F, 2yz + x2 an
9z _ Fy _72:ry+z2
Oy F,  2yz+a?’

32.

33.

34.
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Let F (z,y,2) = ze¥ + yz + ze” = 0. Then
82_ F e¥ + ze® 82__&__zey+z

9r = F. y+e 'y E yte

In(z 4+ yz) = 14 zy*2>, so let
F(z,y) =In(z+yz) — 1 —xy*2® = 0. Then
9z _ Fo _ 1/(z+yz) -y
oz  F, y/(z+yz)— 3wy2:2
P (ryr) -1
Ty —3wy222 (v + y2)

0z Fyi_

Oy F,

2/ (x4 yz) — 2zy2®
y/ (x +yz) — 3zy?2?
2oy (w4 y2) — 2
oy —3xy?2? (¢ + y2)

dr/dt = —1.2,dh/dt = 3,V = wr?h and
dV/ dt = 2nrh (dr/dt) 4 7r? (dh/dt).
Thus when r» = 80 and h = 150,

dV/ dt = (—28,800) 7 + (19,200) 7 = —96007 cm?/s.



