
1–14 |||| Find the indicated partial derivatives.

1. ;

2. ;

3. ;

4. ;

5. ; ,

6. ; ,

7. ;

8. ; ,

9. ;

10. ; ,

11. ;

12. ;

13. ;

14. ;

15–41 |||| Find the first partial derivatives of the function.

15.

16.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

33.

34.

35.

36.

37. u � z sin 
y

x � z

f �x, y, z� � xe y � ye z � ze x

f �x, y, z� � x yz

f �x, y, z� � xsyz

f �x, y, z� � x 2yz 3 � xy � z

f �x, y� � y
x

y
 
e t

t
 dtf �x, y� � y

y

x
 e t 2

 dt

z � x xy
z � ln(x � sx 2 � y 2 )

f �x, t� � e sin�t�x�f �u, v� � tan�1�u�v�

z � logx yz � sinhs3x � 4y

f �s, t� � s2 � 3s 2 � 5t 2f �x, y� � e xy cos x sin y

t�x, y� � ln�x � ln y�t�x, y� � y tan�x 2y 3�

f �s, t� � s�ss 2 � t 2f �x, y� � e x tan�x � y�

f �x, y� � ln�x 2 � y 2�f �x, y� � x 4 � x 2y 2 � y 4

f �x, y� � x 2y 2�x 4 � y 4�

f �x, y� � x 3y 5 � 2x 2y � x

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

ux, uy, utu � x 2y 3t 4

ux, uy, uzu � xy � yz � zx

fz�0, 3, 4�f �x, y, z� � sx 2 � y 2 � z 2

fy�0, 1, 2�f �x, y, z� � xyz

�u

�t

�u

�x
u �

x

x � t

�u

�x
u � xy sec�xy�

�z

�y

�z

�x
z � �3xy 2 � x 4 � 1� 4

�z

�x
z �

x

y
�

y

x

�z

�y

�z

�x
z � xsy �

y

sx

�z

�y

�z

�x
z �

x 3 � y 3

x 2 � y 2

�f

�y
�3, 3�f �x, y� � sin�y � x�

�f

�y
�1, 0�f �x, y� � xe�y � 3y

fy�2, 4�f �x, y� � s2x � 3y

fx�3, �1�f �x, y� � x 3y 5
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|||| 11.3 Partial Derivatives

38. 39.

40. 41.

42–45 |||| Use implicit differentiation to find and .

42. 43.

44.

45.

46. Find and if .

47–52 |||| Find all the second partial derivatives.

47.

48.

49. 50.

51. 52.

53–56 |||| Verify that the conclusion of Clairaut’s Theorem holds,
that is, .

53. 54.

55. 56.

57–63 |||| Find the indicated partial derivative.

57. ;

58. ;

59. ;

60. ;

61. ;

62. ;

63. ;

64. If and are twice differentiable functions of a single vari-
able, show that the function

satisfies the equation .

65. Show that the function

satisfies the equation

� 2f

�x 2
1

� � � � �
� 2f

�x 2
n

� 0

f �x1, . . . , xn� � �x 2
1 � � � � � x 2

n ��2�n��2

uxx � 2uxy � uyy � 0

u�x, y� � x f �x � y� � yt�x � y�

tf

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

�3u

�x �y �z
u � ln�x � 2y 2 � 3z3 �

�3z

�y �x 2z � ln sin�x � y�

�3z

�y 2 �x
z � x sin y

fyzyf �x, y, z� � e xyz

fxyzf �x, y, z� � x 5 � x 4y 4z3 � yz2

fxxyf �x, y� � e xy 2

fxxxf �x, y� � x 2 y 3 � 2x 4y

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

u � x 2y 3z 4u � sin�1�xy 2�

u � sin2x cos yu � x 5y 4 � 3x 2 y 3 � 2x 2

uxy � uyx

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

z � x ln tz � t sin�1
sx

z � cos2�5x � 2y�z � �x 2 � y 2�3�2

f �x, y� � sin�x � y� � cos�x � y�

f �x, y� � x 2y � xsy

z � f �ax � by��z��y�z��x

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

xy 2z3 � x 3y 2z � x � y � z

x 2 � y 2 � z2 � 2x�y � z�

xyz � cos�x � y � z�xy � yz � xz

�z��y�z��x

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

f �x, y, z, t� � xy 2z3t 4f �x, y, z, t� �
x � y

z � t

u � x y z
u � xy 2z 3 ln�x � 2y � 3z�



Answers

C l i ck  h e r e  f o r  s o l u t i o ns .SC l i c k  h e r e  f o r  ex er c i se s .E

1. −27

2.
3
8

3. 2

4. −1

5.
x4 + 3x2y2 − 2xy3

(x2 + y2)2
,
3x2y2 + y4 − 2yx3

(x2 + y2)2

6.
√
y +

y

2x3/2
,

x

2
√
y
− 1√

x

7.
1

y
− y

x2

8. 4
(
3xy2 − x4 + 1

)3 (
3y2 − 4x3

)
, 24xy

(
3xy2 − x4 + 1

)3
9. y sec (xy) [1 + xy tan (xy)]

10.
t

(x+ t)2
, − x

(x+ t)2

11. 0

12.
4
5

13. y + z, x+ z, y + x

14. 2xy3t4, 3x2y2t4, 4x2y3t3

15. fx (x, y) = 3x2y5 − 4xy + 1, fy (x, y) = 5x3y4 − 2x2

16. fx (x, y) = 6x5y2 + 2xy6, fy (x, y) = 6y5x2 + 2yx6

17. fx (x, y) = 4x3 + 2xy2, fy (x, y) = 2x2y + 4y3

18. fx (x, y) =
2x

x2 + y2
, fy (x, y) =

2y

x2 + y2

19. fx (x, y) = ex
[
tan (x− y) + sec2 (x− y)

]
,

fy (x, y) = −ex sec2 (x− y)

20. fs (s, t) =
t2

(s2 + t2)3/2
, ft (s, t) = − st

(s2 + t2)3/2

21. gx (x, y) = 2xy4 sec2
(
x2y3

)
,

gy (x, y) = tan
(
x2y3

)
+ 3x2y3 sec2

(
x2y3

)

22. gx (x, y) =
1

x+ ln y
, gy (x, y) =

1

y (x+ ln y)

23. fx (x, y) = exy sin y (y cosx− sinx),

fy (x, y) = exy cosx (x sin y + cos y)

24. fs (s, t) = − 3s√
2− 3s2 − 5t2

,

ft (s, t) = − 5t√
2− 3s2 − 5t2

25.
∂z

∂x
=

3 cosh
√
3x+ 4y

2
√
3x+ 4y

,
∂z

∂y
=

2 cosh
√
3x+ 4y√

3x+ 4y

26.
∂z

∂x
= − ln y

x (lnx)2
,
∂z

∂y
=

1

y lnx

27. fu (u, v) =
v

u2 + v2
, fv (u, v) = − u

u2 + v2

28. fx (x, t) = −t cos

(
t

x

)
esin(t/x)

x2
,

ft (x, t) =
esin(t/x)

x
cos

(
t

x

)

29.
∂z

∂x
=

1√
x2 + y2

,
∂z

∂y
=

y

x
√

x2 + y2 + x2 + y2

30.
∂z

∂x
= xy−1xxy

(1 + y lnx),
∂z

∂y
= xxy+y (lnx)2

31. fx (x, y) = −ex
2

, fy (x, y) = ey
2

32. fx (x, y) =
ex

x
, fy (x, y) = −ey

y

33. fx (x, y, z) = 2xyz3 + y, fy (x, y, z) = x2z3 + x,

fz (x, y, z) = 3x2yz2 − 1

34. fx (x, y, z) =
√
yz, fy (x, y, z) =

xz

2
√
yz

,

fz (x, y, z) =
xy

2
√
yz

35. fx (x, y, z) = yzxyz−1, fy (x, y, z) = zxyz lnx,

fz (x, y, z) = yxyz lnx

36. fx (x, y, z) = ey + zex, fy (x, y, z) = xey + ez ,

fz (x, y, z) = yez + ex

37. ux =
−yz

(x+ z)2
cos

(
y

x+ z

)
, uy =

z

x+ z
cos

(
y

x+ z

)
,

uz = sin

(
y

x+ z

)
− yz

(x+ z)2
cos

(
y

x+ z

)

38. ux = y2z3
[
ln (x+ 2y + 3z) +

x

x+ 2y + 3z

]
,

uy = 2xyz3
[
ln (x+ 2y + 3z) +

y

x+ 2y + 3z

]
,

uz = 3xy2z2
[
ln (x+ 2y + 3z) +

z

x+ 2y + 3z

]

39. ux = yzxyz−1, uy = xyz

yz−1z lnx, uz = xyz

yz lnx ln y

40. fx (x, y, z, t) =
1

z − t
, fy (x, y, z, t) = − 1

z − t
,

fz (x, y, z, t) =
y − x

(z − t)2
, ft (x, y, z, t) =

x− y

(z − t)2

41. fx (x, y, z, t) = y2z3t4, fy (x, y, z, t) = 2xyz3t4,

fz (x, y, z, t) = 3xy2z2t4, ft (x, y, z, t) = 4xy2z3t3

42.
z − y

y − x
,
x+ z

x− y

43. − yz + sin (x+ y + z)

xy + sin (x+ y + z)
, −xz + sin (x+ y + z)

xy + sin (x+ y + z)
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44.
x− y − z

x+ z
,
y − x

x+ z

45.
1− y2z3 − 3x2y2z

3xy2z2 + x3y2 − 1
,
1− 2xyz3 − 2x3yz

3xy2z2 + x3y2 − 1

46. af ′ (ax+ by), bf ′ (ax+ by)

47. fxx = 2y, fxy = 2x+
1

2
√
y
, fyx = 2x+

1

2
√
y
,

fyy = − x

4y3/2

48. fxx = − sin (x+ y) − cos (x− y),

fxy = − sin (x+ y) + cos (x− y),

fyx = − sin (x+ y) + cos (x− y),

fyy = − sin (x+ y)− cos (x− y)

49. zxx =
3
(
2x2 + y2

)
√

x2 + y2
, zxy =

3xy√
x2 + y2

, zyx =
3xy√
x2 + y2

,

zyy =
3
(
x2 + 2y2

)
√

x2 + y2

50. zxx = 50
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
,

zxy = 20
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
,

zyx = 20
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
,

zyy = 8
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]

51. zxx =
t (2x− 1)

4 (x− x2)3/2
, zxt =

1

2
√
x− x2

, ztx =
1

2
√
x− x2

,

ztt = 0

52. zxx = (ln t) [(ln t)− 1]x(ln t)−2,

zxt = x(ln t)−1 1 + ln t lnx

t
, ztx = x(ln t)−1 1 + ln t lnx

t
,

ztt = xln t lnx
(lnx)− 1

t2

57. −48xy

58. 2y3exy
2 (

2 + xy2
)

59. fxyz = 48x3y3z2

60. x2z (2 + xyz) exyz

61. − sin y

62. −2 csc2 (x− y) cot (x− y)

63.
72yz2

(x+ 2y2 + 3z3)3
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Solutions

C l i ck  h e r e  f o r  a n s we r s .AC l i c k  h e r e  f o r  ex er c i se s .E

1. f (x, y) = x3y5 ⇒ fx (x, y) = 3x2y5,

fx (3,−1) = −27

2. f (x, y) =
√
2x+ 3y ⇒

fy (x, y) = 1
2
(2x+ 3y)−1/2 (3),

fy (2, 4) =
3/2√
4 + 12

=
3

8

3. f (x, y) = xe−y + 3y ⇒ ∂f/∂y = x (−1) e−y + 3,

(∂f/∂y) (1, 0) = −1 + 3 = 2

4. f (x, y) = sin (y − x) ⇒ ∂f/∂x = − cos (y − x),

(∂f/∂x) (3, 3) = − cos (0) = −1

5. z =
x3 + y3

x2 + y2
⇒

∂z

∂x
=

3x2
(
x2 + y2

)− (
x3 + y3

)
(2x)

(x2 + y2)2

=
x4 + 3x2y2 − 2xy3

(x2 + y2)2
,

∂z

∂y
=

3y2
(
x2 + y2

)− (
x3 + y3

)
(2y)

(x2 + y2)2

=
3x2y2 + y4 − 2yx3

(x2 + y2)2

6. z = x
√
y − y√

x
⇒

∂z

∂x
=

√
y − y

(− 1
2

)
x−3/2 =

√
y +

y

2x3/2
,

∂z

∂y
= x

(
1
2

)
y−1/2 − 1√

x
=

x

2
√
y
− 1√

x

7. z =
x

y
+

y

x
⇒ ∂z

∂x
=

1

y
− y

x2

8. z =
(
3xy2 − x4 + 1

)4 ⇒
∂z/∂x = 4

(
3xy2 − x4 + 1

)3 (
3y2 − 4x3

)
,

∂z/∂y = 4
(
3xy2 − x4 + 1

)3
(6xy)

= 24xy
(
3xy2 − x4 + 1

)3
9. u = xy sec (xy) ⇒

∂u/∂x = y sec (xy) + xy [sec (xy) tan (xy)] (y)

= y sec (xy) [1 + xy tan (xy)]

10. u =
u

x+ t
⇒ ∂u

∂x
=

1 (x+ t)− x (1)

(x+ t)2
=

t

(x+ t)2
,

∂u

∂t
= x (−1) (x+ t)−2 (1) = − x

(x+ t)2

11. f (x, y, z) = xyz ⇒ fy (x, y, z) = xz, so

fy (0, 1, 2) = 0.

12. f (x, y, z) =
√

x2 + y2 + z2 ⇒
fz (x, y, z) =

1
2

(
x2 + y2 + z2

)−1/2
(2z), so

fz (0, 3, 4) =
4√

0+9+16
= 4

5
.

13. u = xy + yz + zx ⇒ ux = y + z, uy = x+ z,

uz = y + x

14. u = x2y3t4 ⇒ ux = 2xy3t4, uy = 3x2y2t4,

ut = 4x2y3t3

15. f (x, y) = x3y5 − 2x2y + x ⇒
fx (x, y) = 3x2y5 − 4xy + 1, fy (x, y) = 5x3y4 − 2x2

16. f (x, y) = x2y2
(
x4 + y4

) ⇒
fx (x, y) = 2xy2

(
x4 + y4

)
+ x2y2

(
4x3

)
= 6x5y2 + 2xy6

and by symmetry fy (x, y) = 6y5x2 + 2yx6.

17. f (x, y) = x4 + x2y2 + y4 ⇒ fx (x, y) = 4x3 + 2xy2,

fy (x, y) = 2x2y + 4y3

18. f (x, y) = ln
(
x2 + y2

) ⇒
fx (x, y) =

1

x2 + y2
(2x) =

2x

x2 + y2
, fy (x, y) =

2y

x2 + y2

19. f (x, y) = ex tan (x− y) ⇒
fx (x, y) = ex tan (x− y) + ex sec2 (x− y)

= ex
[
tan (x− y) + sec2 (x− y)

]
,

fy (x, y) = ex
[
sec2 (x− y)

]
(−1) = −ex sec2 (x− y)

20. f (s, t) =
s√

s2 + t2
⇒

fs (s, t) =
(1)

√
s2 + t2 − s

(
1
2

) (
s2 + t2

)−1/2
(2s)(√

s2 + t2
)2

=

∣∣s2 + t2
∣∣− s2

|s2 + t2|√s2 + t2
=

t2

(s2 + t2)3/2
,

ft (s, t) = s
(− 1

2

) (
s2 + t2

)−3/2
(2t) = − st

(s2 + t2)3/2

21. g (x, y) = y tan
(
x2y3

) ⇒
gx (x, y) =

[
y sec2

(
x2y3

)] (
2xy3

)
= 2xy4 sec2

(
x2y3

)
,

gy (x, y) = tan
(
x2y3

)
+

[
y sec2

(
x2y3

)] (
3x2y2

)
= tan

(
x2y3

)
+ 3x2y3 sec2

(
x2y3

)
22. g (x, y) = ln (x+ ln y) ⇒

gx (x, y) =
1

x+ ln y
(1) =

1

x+ ln y
,

gy (x, y) =
1

x+ ln y

(
1

y

)
=

1

y (x+ ln y)

23. f (x, y) = exy cosx sin y ⇒
fx (x, y) = yexy cosx sin y + exy (− sinx) sin y

= exy sin y (y cosx− sinx),

fy (x, y) = xexy cosx sin y + exy cosx cos y

= exy cosx (x sin y + cos y)
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24. f (s, t) =
√
2− 3s2 − 5t2 ⇒

fs (s, t) =
1
2

(
2− 3s2 − 5t2

)−1/2
(−6s)

= − 3s√
2− 3s2 − 5t2

,

ft (s, t) =
1
2

(
2− 3s2 − 5t2

)−1
(−10t)

= − 5t√
2− 3s2 − 5t2

25. z = sinh
√
3x+ 4y ⇒

∂z

∂x
=

(
cosh

√
3x+ 4y

) (
1
2

)
(3x+ 4y)−1/2 (3)

=
3 cosh

√
3x+ 4y

2
√
3x+ 4y

,

∂z

∂y
=

(
cosh

√
3x+ 4y

) (
1
2

)
(3x+ 4y)−1/2 (4)

=
2 cosh

√
3x+ 4y√

3x+ 4y

26. Since z = logx y, x
z = y and z lnx = ln y. Then

∂z

∂x
lnx+ z

(
1

x

)
= 0, so

∂z

∂x
= − z

x lnx
= − ln y

x (lnx)2
.

Also, (lnx)
∂z

∂y
=

1

y
, so

∂z

∂y
=

1

y lnx
.

27. f (u, v) = tan−1
(u
v

)
⇒

fu (u, v) =
1

1 + (u/v)2

(
1

v

)
=

1

v

(
v2

u2 + v2

)

=
v

u2 + v2
,

fv (u, v) =
1

1 + (u/v)2

(
− u

v2

)
= − u

v2

(
v2

u2 + v2

)

= − u

u2 + v2

28. f (x, t) = esin(t/x) ⇒

fx (x, t) = esin(t/x) cos

(
t

x

)(
− t

x2

)

= −t cos

(
t

x

)
esin(t/x)

x2
,

ft (x, t) = esin(t/x) cos

(
t

x

)(
1

x

)
=

esin(t/x)

x
cos

(
t

x

)

29. z = ln
(
x+

√
x2 + y2

)
⇒

∂z

∂x
=

1

x+
√

x2 + y2

[
1 + 1

2

(
x2 + y2

)−1/2
(2x)

]

=

(√
x2 + y2 + x

)/√
x2 + y2(

x+
√

x2 + y2
) =

1√
x2 + y2

∂z

∂y
=

1

x+
√

x2 + y2

(
1

2

)(
x2 + y2

)−1/2
(2y)

=
y

x
√

x2 + y2 + x2 + y2

30. z = xxy

, so ln z = xy lnx and

1

z

∂z

∂x
= yxy−1 lnx + xy

(
1

x

)
⇔

∂z

∂x
= z

[
yxy−1 lnx+ xy−1

]
= xy−1xxy

(1 + y lnx),

∂z

∂y
=

(
xxy

)
(lnx)

∂

∂y
(xy) =

(
xxy

)
(lnx)xy lnx

= xxy+y (lnx)2

31. f (x, y) =

∫ y

x

et
2

dt. By FTC1,

d

dx

∫ x

a

f (t) dt = f (x) for f continuous. Thus

fx (x, y) =
∂

∂x

∫ y

x

et
2

dt =
∂

∂x

(
−
∫ x

y

et
2

dt

)
= −ex

2

and fy (x, y) =
∂

∂y

∫ y

x

et
2

dt = ey
2

.

32. f (x, y) =

∫ x

y

et

t
dt. If 0 isn’t in the interval [y, x], then by

FTC1, fx (x, y) =
ex

x
and fy (x, y) = −ey

y
.

33. f (x, y, z) = x2yz3 + xy − z ⇒
fx (x, y, z) = 2xyz3 + y, fy (x, y, z) = x2z3 + x,

fz (x, y, z) = 3x2yz2 − 1

34. f (x, y, z) = x
√
yz ⇒ fx (x, y, z) =

√
yz,

fy (x, y, z) = x
(
1
2

)
(yz)−1/2 (z) =

xz

2
√
yz

, and by

symmetry, fz (x, y, z) =
xy

2
√
yz

.

35. f (x, y, z) = xyz ⇒ fx (x, y, z) = yzxyz−1. By

Theorem 3.5.5, fy (x, y, z) = xyz ln (xz) = zxyz lnx and

by symmetry fz (x, y, z) = yxyz lnx.

36. f (x, y, z) = xey + yez + zex ⇒
fx (x, y, z) = ey + zex, fy (x, y, z) = xey + ez ,

fz (x, y, z) = yez + ex

37. u = z sin

(
y

x+ z

)
⇒

ux = z cos

(
y

x+ z

)[−y (x+ z)−2]

=
−yz

(x+ z)2
cos

(
y

x+ z

)
,

uy = z cos

(
y

x+ z

)(
1

x+ z

)

=
z

x+ z
cos

(
y

x+ z

)
,

uz = sin

(
y

x+ z

)
+ z cos

(
y

x+ z

)[−y (x+ z)−2]

= sin

(
y

x+ z

)
− yz

(x+ z)2
cos

(
y

x+ z

)
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38. u = xy2z3 ln (x+ 2y + 3z) ⇒

ux = y2z3 ln (x+ 2y + 3z) = xy2z3
(

1

x+ 2y + 3z

)

= y2z3
[
ln (x+ 2y + 3z) +

x

x+ 2y + 3z

]
,

uy = 2xyz3 ln (x+ 2y + 3z) + xy2z3
(

1

x+ 2y + 3z

)
(2)

= 2xyz3
[
ln (x+ 2y + 3z) +

y

x+ 2y + 3z

]
,

and by symmetry,

uz = 3xy2z2
[
ln (x+ 2y + 3z) +

z

x+ 2y + 3z

]
.

39. u = xyz ⇒ ux = yzxyz−1,

uy = xyz

lnx · zyz−1 = xyz

yz−1z lnx,

uz = xyz

lnx (yz ln y) = xyz

yz lnx ln y

40. f (x, y, z, t) =
x− y

z − t
⇒ fx (x, y, z, t) =

1

z − t
,

fy (x, y, z, t) = − 1

z − t
,

fz (x, y, z, t) = (x− y) (−1) (z − t)−2 =
y − x

(z − t)2
, and

ft (x, y, z, t) = (x− y) (−1) (z − t)−2 (−1) =
x− y

(z − t)2
.

41. f (x, y, z, t) = xy2z3t4 ⇒ fx (x, y, z, t) = y2z3t4,

fy (x, y, z, t) = 2xyz3t4, fz (x, y, z, t) = 3xy2z2t4, and

ft (x, y, z, t) = 4xy2z3t3.

42. xy + yz = xz ⇒ ∂

∂x
(xy + yz) =

∂

∂x
(xz) ⇔

y + y
∂z

∂x
= z + x

∂z

∂x
⇔ (y − x)

∂z

∂x
= z − y, so

∂z

∂x
=

z − y

y − x
.

∂

∂y
(xy + yz) =

∂

∂y
(xz) ⇔

x+ z + y
∂z

∂y
= x

∂z

∂y
⇔ (y − x)

∂z

∂y
= − (x+ z), so

∂z

∂y
=

x+ z

x− y
.

43. xyz = cos (x+ y + z) ⇒
∂

∂x
(xyz) =

∂

∂x
[cos (x+ y + z)] ⇔

yz + xy
∂z

∂x
= [− sin (x+ y + z)]

(
1 +

∂z

∂x

)
,

[xy + sin (x+ y + z)]
∂z

∂x
= − [yz + sin (x+ y + z)],

so
∂z

∂x
= − yz + sin (x+ y + z)

xy + sin (x+ y + z)
,

∂

∂y
(xyz) =

∂

∂y
(cos (x+ y + z)), and so by symmetry,

∂z

∂y
= −xz + sin (x+ y + z)

xy + sin (x+ y + z)
.

44. x2 + y2 − z2 = 2x (y + z) ⇔
∂

∂x

(
x2 + y2 − z2

)
=

∂

∂x
[2x (y + z)] ⇔

2x − 2z
∂z

∂x
= 2 (y + z) + 2x

∂z

∂x
⇔

2 (x+ z)
∂z

∂x
= 2 (x− y − z), so

∂z

∂x
=

x− y − z

x+ z
.

∂

∂y

(
x2 + y2 − z2

)
=

∂

∂y
[2x (y + z)] ⇔

2y − 2z
∂z

∂y
= 2x

(
1 +

∂z

∂y

)
⇔

2 (x+ z)
∂z

∂y
= 2 (y − x), so

∂z

∂y
=

y − x

x+ z
.

45. xy2z3 + x3y2z = x + y + z ⇒
∂

∂x

(
xy2z3 + x3y2z

)
=

∂

∂x
(x+ y + z) ⇔

y2z3 + 3xy2z2
∂z

∂x
+ 3x2y2z + x3y2

∂z

∂x
= 1 +

∂z

∂x
, so

(
3xy2z2 + x3y2 − 1

) ∂z

∂x
= 1− y2z3 − 3x2y2z and

∂z

∂x
=

1− y2z3 − 3x2y2z

3xy2z2 + x3y2 − 1
.

∂

∂y

(
xy2z3 + x3y2z

)
=

∂

∂y
(x+ y + z) ⇔

2xyz3 + 3xy2z2
∂z

∂y
+ 2x3yz + x3y2

∂z

∂y
= 1 +

∂z

∂y
, so

(
3xy2z2 + x3y2 − 1

) ∂z

∂y
= 1− 2xyz3 − 2x3yz and

∂z

∂y
=

1− 2xyz3 − 2x3yz

3xy2z2 + x3y2 − 1
.

46. z = f (ax+ by). Let u = ax + by.

Then
∂u

∂x
= a and

∂u

∂y
= b. Hence

∂z

∂x
=

df

du

∂u

∂x
= a

df

d (ax+ by)
= af ′ (ax+ by) and

∂z

∂y
= b

df

d (ax+ by)
= bf ′ (ax+ by).

47. f (x, y) = x2y + x
√
y ⇒ fx = 2xy +

√
y,

fy = x2 +
x

2
√
y
. Thus fxx = 2y, fxy = 2x+

1

2
√
y
,

fyx = 2x+
1

2
√
y
and fyy = − x

4y3/2
.

48. f (x, y) = sin (x+ y) + cos (x− y) ⇒
fx = cos (x+ y) − sin (x− y),

fy = cos (x+ y) + sin (x− y). Thus

fxx = − sin (x+ y) − cos (x− y),

fxy = − sin (x+ y) + cos (x− y),

fyx = − sin (x+ y) + cos (x− y) and

fyy = − sin (x+ y)− cos (x− y).
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49. z =
(
x2 + y2

)3/2 ⇒
zx = 3

2

(
x2 + y2

)1/2
(2x) = 3x

(
x2 + y2

)1/2
and

zy = 3y
(
x2 + y2

)1/2
. Thus

zxx = 3
(
x2 + y2

)1/2
+ 3x

(
x2 + y2

)−1/2 ( 1
2

)
(2x)

=
3
(
x2 + y2

)
+ 3x2√

x2 + y2
=

3
(
2x2 + y2

)
√

x2 + y2
and

zxy = 3x
(
1
2

) (
x2 + y2

)−1/2
(2y) =

3xy√
x2 + y2

. By

symmetry zyx =
3xy√
x2 + y2

and zyy =
3
(
x2 + 2y2

)
√

x2 + y2
.

50. z = cos2 (5x+ 2y) ⇒
zx = [2 cos (5x+ 2y)] [− sin (5x+ 2y)] (5)

= −10 cos (5x+ 2y) sin (5x+ 2y) and

zy = [2 cos (5x+ 2y)] [− sin (5x+ 2y)] (2)

= −4 cos (5x+ 2y) sin (5x+ 2y)

Thus

zxx = (10) (5) sin2 (5x+ 2y) + (−10) (5) cos2 (5x+ 2y)

= 50
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
,

zxy = (10) (2) sin2 (5x+ 2y) + (−10) (2) cos2 (5x+ 2y)

= 20
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
,

zyx = − (−4) (5) sin2 (5x+ 2y) + (−4) (5) cos2 (5x+ 2y)

= 20
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
,

zyy = − (−4) (2) sin2 (5x+ 2y) + (−4) (2) cos2 (5x+ 2y)

= 8
[
sin2 (5x+ 2y)− cos2 (5x+ 2y)

]
51. z = t sin−1 √x ⇒

zx = t 1√
1−(

√
x)2

(
1
2

)
x−1/2 =

t

2
√
x− x2

,

zt = sin−1 √x. Thus

zxx = 1
2
t
(− 1

2

) (
x− x2

)−3/2
(1− 2x) =

t (2x− 1)

4 (x− x2)3/2
,

zxt =
1

2
√
x− x2

,

ztx =
1√

1− (
√
x)

2

(
1
2
x−1/2

)
=

1

2
√
x− x2

, and ztt = 0.

52. z = xln t ⇒ zx = (ln t)x(ln t)−1, ln z = (ln t) (lnx) so

zt =
(
xln t

)(1

t

)
lnx = xln t lnx

t
. Thus

zxx = (ln t) [(ln t)− 1]x(ln t)−2,

ln zx = ln (ln t) + [(ln t)− 1] lnx, so

zxt = zx

[
1

ln t

(
1

t

)
+

1

t
lnx

]

= (ln t)x(ln t)−1 1 + (ln t) (lnx)

t ln t

= x(ln t)−1 1 + ln t lnx

t

Also

ztx =
(ln t)x(ln t)−1 lnx + (1/x)xln t

t

= x(ln t)−1 1 + ln t lnx

t
and

ztt =

[
∂

∂t

(
xln t

)]( ln t

t

)
+ xln t

[− (lnx) t−2
]

= xln t lnx
(lnx)− 1

t2

53. u = x5y4 − 3x2y3 + 2x2 ⇒ ux = 5x4y4 − 6xy3 + 4x,

uxy = 20x4y3 − 18xy2 and uy = 4x5y3 − 9x2y2,

uyx = 20x4y3 − 18xy2. Thus uxy = uyx.

54. u = sin2 x cos y ⇒ ux = 2 sinx cosx cos y,

uxy = −2 sinx cosx sin y and uy = − sin2 x sin y,

uyx = −2 sinx cosx sin y. Thus uxy = uyx.

55. u = sin−1
(
xy2

) ⇒
ux =

1√
1− (xy2)2

(
y2
)
= y2

√
1− x2y4,

uxy = 2y
(
1− x2y4

)−1/2
+ y2

(− 1
2

) (
1− x2y4

)−3/2 (−4x2y3
)

=
2y

(
1− x2y4

)
+ 2x2y5

(1− x2y4)3/2
=

2y

(1− x2y4)3/2
and

uy =
1√

1− (xy2)2
(2xy) =

2xy√
1− x2y4

,

uyx =
2y

√
1− x2y4 − 2xy

(
1
2

) (
1− x2y4

)−1/2 (−2xy4
)

1− x2y4

=
2y − 2x2y5 + 2x2y5

(1− x2y4)3/2
=

2y

(1− x2y4)3/2

Thus uxy = uyx.

56. u = x2y3z4 ⇒ ux = 2xy3z4, uxy = 6xy2z4,

uxz = 8xy3z3; uy = 3x2y2z4, uyx = 6xy2z4,

uyz = 12x2y2z3; uz = 4x2y3z3, uzx = 8xy3z3,

uzy = 12x2y2z3. Thus uxy = uyx, uxz = uzy , and

uyz = uzy .

57. f (x, y) = x2y3 − 2x4y ⇒ fx = 2xy3 − 8x3y,

fxx = 2y3 − 24x2y, fxxx = −48xy

58. f (x, y) = exy
2 ⇒ fx = y2exy

2

, fxx = y4exy
2

,

fxxy = 4y3exy
2

+ 2xy5exy
2

= 2y3exy
2 (

2 + xy2
)

59. f (x, y, z) = x5 + x4y4z3 + yz2 ⇒
fx = 5x4 + 4x3y4z3, fxy = 16x3y3z3, and

fxyz = 48x3y3z2
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60. f (x, y, z) = exyz ⇒ fy = xzexyz ,

fyz = xexyz + xz (xy) exyz = xexyz (1 + yxz), and

fyzy = x (xz) exyz (1 + xyz) + xexyz (xz)

= x2z (2 + xyz) exyz

61. z = x sin y ⇒ ∂z

∂x
= sin y,

∂2z

∂y ∂x
= cos y, and

∂3z

∂y2 ∂x
= − sin y.

62. z = ln sin (x− y) ⇒
∂z

∂x
=

1

sin (x− y)
cos (x− y) = cot (x− y),

∂2z

∂x2
= − csc2 (x− y) and

∂3z

∂y ∂x2
= −2 csc (x− y) [− csc (x− y) cot (x− y) (−1)]

= −2 csc2 (x− y) cot (x− y)

63. u = ln
(
x+ 2y2 + 3z3

) ⇒
∂u

∂z
=

1

x+ 2y2 + 3z3
(
9z2

)
=

9z2

x+ 2y2 + 3z3
,

∂2u

∂y ∂z
= −9z2

(
x+ 2y2 + 3z3

)−2
(4y)

= − 36yz2

(x+ 2y2 + 3z3)2
,

and
∂3u

∂x∂y ∂z
=

72yz2

(x+ 2y2 + 3z3)3
.

64. Let w = x+ y. Then
∂w

∂x
= 1 =

∂w

∂y
, and by the Chain

Rule,

ux = f (w) + x
df

dw

∂w

∂x
+ y

dg

dw

∂w

∂x

= f (w) + xf ′ (w) + yg′ (w),

uxx =
df

dw

∂w

∂x
+ f ′ (w) + x

d [f ′ (w)]

dw

∂w

∂x
+ y

d [g′ (w)]

dw

∂w

∂x

= 2f ′ (w) + xf ′′ (w) + yg′′ (w),

and

uxy =
df

dw

∂w

∂y
+ x

d [f ′ (w)]

dw

∂w

∂y
+ g′ (w) + y

d [g′ (w)]

dw

∂w

∂y

= f ′ (w) + xf ′′ (w) + g′ (w) + yg′′ (w)

Similarly uy = xf ′ (w) + g (w) + yg′ (w) and

uyy = xf ′′ (w) + 2g′ (w) + yg′′ (w). Then

uxx − 2uxy + uyy

= 2f ′ (w) + xf ′′ (w) + yg′′ (w)

− 2f ′ (w)− 2xf ′′ (w)− 2g′ (w)− 2yg′′ (w)

+ xf ′′ (w) + 2g′ (w) + yg′′ (w)

= 0

65. f (x1, . . . , xn) =
(
x2
1 + · · ·+ x2

n

)(2−n)/2 ⇒
∂f

∂xi
=

(
1− n

2

)
2xi

(
x2
1 + · · ·+ x2

n

)−n/2
, 1 ≤ i ≤ n ⇒

∂2f

∂x2
i

= 2
(
1− n

2

) (
x2
1 + · · ·+ x2

n

)−n/2

− (2n)
(
1− n

2

) (
x2
i

) (
x2
1 + · · ·+ x2

n

)−(2+n)/2
,

1 ≤ i ≤ n. Therefore

∂2f

∂x2
1

+ · · ·+ ∂2f

∂x2
n

=
n∑

i=1

[
(2− n)

(
x2
1 + · · ·+ x2

n

)−n/2

− n (2− n)
(
x2
i

) (
x2
1 + · · ·+ x2

n

)−(2+n)/2
]

= n (2− n)
(
x2
1 + · · ·+ x2

n

)−n/2

− n (2− n)
(
x2
1 + · · ·+ x2

n

) (
x2
1 + · · ·+ x2

n

)−(2+n)/2

= n (2− n)
(
x2
1 + · · ·+ x2

n

)−n/2

− n (2− n)
(
x2
1 + · · ·+ x2

n

)−n/2

= 0
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