11.3 Partial Derivafives

SECTION 11.3 PARTIAL DERIVATIVES

I Click here for answers.

1-14 m Find the indicated partial derivatives.

L f(xy) =x%% f£(3 -1

2. f(x,y) =+v2x+ 3y; 1,2 4)
of
. f(x,y) =xe¥ + 3y, —(1,
3. f(x,y) = xe 3y ay( 0)
4. f(x,y) = sin(y — x); if(B 3)
. Y, y Sy
x2+y: 09z oz
S-Z:ﬁ; o T
x> +y X' ay
Y. 9z 0z
6. z = x\Jy Ko ay
7.z=£+l; 9z
y X' oX
dz 0z
= 2 _ g4 g4 2222
8 z=(3xy*—x 4 ax' ay
au
9. u = xy sec(xy); ™
10. u= X ; a—u,ﬂ
X+t ax ot
1. f(xy,2) =xyz; 10,12
12. f(x,y,2) = X2+ y2+ z2; 1.(0,3,4)

13. u=xy + yz + zx;

14, u = x3%* Uy, Uy, U

Uyx, Uy, U:

15-41 i Find the first partial derivatives of the function.

15. f(x,y) = x®%° — 2x% + X
16. f(x,y) = x2y%(x* + y*%)
17. f(xy) = x* + x?y? +y*
19. f(x,y) = e*tan(x — y)

21. g(x,y) = ytan(x’y®)

23. f(x,y) = e¥cosx siny
25. z = sinhy/3x + 4y

27. f(u,v) = tan Y(u/v)

29. z = In(x + /X2 + y?)

31. f(x,y) :fyetzdt

33, f(X,y,2) =x%z3 +xy —z
34. f(x,y,2) = x\/yz

35. f(x,y,z) =x”

36. f(x,y,z) = xe¥ + ye' + z&*

y
X+ z

37. u=zsn

18. f(x,y) = In(x2 + y?)
20. f(s,t) = s//s?2 +t2

22. g(x,y) = In(x + Iny)

24, f(st) =2 — 332 — 5t2

26. z = logky
28. f(x, t) = e¥"¥¥
30. z =x"

t
32 f(xy) = y*ert

I Clich here for solutions.

38. u=xy%2®In(x + 2y + 32) 39 u=x"

0. f(xy, 2, 1) = Li’ M. f(xy 21 = xytt
-

42-45 i Use implicit differentiation to find 9z/9x and 9z/dy.

42, xy + yz = xz 43. xyz = cos(x + Yy + z)

44, x>+ y? — 22 =2x(y + 2)

45. xy*2* + X’y =x+y+z

46. Find 9z/dx and dz/ay if z = f(ax + by).
47-52 i Find all the second partial derivatives.
47. f(xy) = X%y + Xy

48. f(x,y) = sin(x +y) + cos(x —y)
49. z = (x* + y?)¥2

51. z = tsin~tyX

50. z = cos*(5x + 2y)

52, z=x"t

53-56 1 Verify that the conclusion of Clairaut’s Theorem holds,
that is, Uy = Uyx.

53. u= x%* — 3x?y® + 2x?
55. u=sin"Y(xy?

54. u=sin*cosy

56. u= x%y%*

57-63 1 Find the indicated partia derivative.
57. f(x,y) = x?y® — 2x%;  fx

58. f(x,y) =ev¥" foy

59. f(X,y,2) = x5+ x%2® + yz%  fiy:

60. f(x,y,2) = e%; fuy

3

9°z

6l. z = xsiny;, ——

: y ay?ox

9%

62. z=Insin(x —y); —~

z=Insin(x —y) oy %2

o%u

63. u=In(x + 2y? + 32°);

u=InGx+ 2y" + 37 X ay oz

64. If f and g are twice differentiable functions of a single vari-
able, show that the function

ux y) = xf(x +y) + yg(x +y)
satisfies the equation Uy — 2Uyy + Uy = 0.
65. Show that the function

fXe, ooy Xn) = (X2 + - + x)@ 2
satisfies the equation
o o2
2 =0

x? x2
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Answers
A Clich here for exercises. H Click here for solutions.
v u
-2 e o) = e o ) =~
3
2. 3 t\ esin(t/@)
8. f, (z,t) = —t z ,
3.9 fz (z,1) cos (x) =
4 —1 sin(t/x)
fe(z,t) = £ cos <£>
. 2t 4 302y — 22y 3a%y? +yt — 2y2? x x
. (22 + 92)2 | (z? +y2)2 29 % - —1 % — Y
6 Y L B e R R A
) \/g 21’3/2’ 2\/@ \/E 0z 1 _2Y 0z y 2
30. — =212 (1+ylnz), == =z *¥(Inx)
; 1y Ox dy
) 2 22 2
4 3. fo(x,y) = —e", fy (z,y) =€’
8. 4 (Sxyz —zt 4 1)3 (3y2 — 42:3), 24xy (3my2 —zt + 1)3 e eV
32 fo(z,y) = —. fy(z,9) = ——
9. ysec (zy) [1 + zy tan (zy)] z Y
ot = 8. fo (z,y,2) = 22y2° +y, fy (x,y,2) = 2°2° + a,
@+t)* (z+1)° [z (2,y,2) = 32°y2* — 1
1. 0 Tz
8. fo(z,y,2) = Yz, fy (2,9, 2) = ;
12, 4 2z
) fo @,y 2) = 52
B.y+z,x+2zy+z Zm’y’z)_2\/y_z
344 o 2 2,4 4 2 3,3
14, 2zy°t™, 3x"y~t~, 4x"y°t 3. fo(z,y,2) = yza¥* "L, f, (z,y,2) = za¥* Inz,
15. fo(xz,y) =32%y° —day + 1, f, (z,y) = 52°y* — 227 fa(z,y,2) =yz¥* Inz
16. fo (z,y) = 62°y” + 229°, f, (z,y) = 6y°z® 4 2yz° 36. fo(z,y,2) =€’ + ze", fy (z,y,2) = ze’ + €,
y
17, fo (2,y) = 42° + 2z, f, (2,y) = 227y + 49° fo(@,y,2) =ye” +e
la-fz(xay):mafy(x,y):m e (m+z)2cos etz )" T o\ vz )
19. fu (z,y) = €” [tan (z — y) + sec® (z — y)], u, = sin (a%ykz> _ e ZZZ)2 cos (miz)
fu (z,y) = —e®sec® (z —y)
2 38. u, = y22° |In(z + 2y + 32 +;,
20. fs(S,t)Zit 32,ft(8,t)=—78t =73 Y ( Y ) T+ 2y + 3z
(52 4 t2) / (52 4 t2) / y
= 2zyz° |1 2 3 _—,
21. g, (x,y) = 22y* sec? (a:zys), Yy Ty {n(:c—!— y+32) + T+ 2y+32]
_ 2,3 2,3 .2 (2 3
gy (z,y) = tan (z°y°) + 3%y’ sec® (2°y°) u, = 3zy?2? {ln (x +2y+32z)+ ;}
1 1 T+ 2y + 3z
2. go (2,9) = ——, gy (z,y) = ————— . . .
9= (2,y) z+1Iny 9s (2,9) y(z+Iny) 39, u, = y*x¥ Lu, =2V y* zlna, u, =¥y Inzlny
2. fo ) = e"Ysi — si 5
f (x y) c SIHy(ny)sx SInx) 40. fz ($7y7zat) = La fy (ZB,y,Z,t) = 1 >
fy(z,y) = €Y cosz (xsiny + cosy) z—1 z—t
y—=x -y
3s fz(m,y,zgt)zi,ft(x,y,z,t)z
24. fs (S,t) = —m, (Z — t)z (Z - t)2
fi(sit) = — 5t a. f, (x,y,2,t) = y225, f, (z,y,2,t) = 2xy2>t?,
V2 — 3s® — 5t? Iz (1’7.% Zat) = 3zr:y2z2t4, Tt (er,y, th) = 4xy2zst3
2% %:3coshw/3x+4y %:2cosh,/3x+4y n z2—y T+2
T Oz 23z + 4y Oy V3z + 4y Cy—z’r—vy
26.%:— Iny 0z 1 43'_yz+sin(x+y+z) _zztsin(z+y+2)

Oz w(lnm)Q’a_y_ylnfE zy+sin(z+y+2) zy+sin(z+y+z)



4.

45.

46.

47.

48.

49.

50.

T—Yy—2 y—2x
4z

T+z

1—y228

3m2 2z 1-—

20y2 — 223y

3ry222 + 23y — 1 3zy222 + 2342 — 1
af' (ax + by), bf’ (ax + by)

fox

fyy:_

f.’L'fL'
Say
fya

flﬂ/ -

Zxx =

Zyy

ZiIJfE
Zay =
Zyz =

Ryy =

1
=2y, fay = 2 —— fyz =2
Y foy = 22 + NG fy x +
_r
4y3/2
= —sin(z +y) — cos (z — y),
= —sin(z +y) + cos (z — y),
—sin (z +y) + cos (z — y),
—sin (z +y) — cos (z — y)
(255 ty ) 3wy ;
3 (x2 + 2y2)
/1172 _|_y2
50 [sm2 (5z + 2y) — cos? (5z + 2y)],
20 [sin” (5z + 2y) — cos® (5z + 2y)],
(

20 [sin® (5z + 2y) — cos® (5z + 2y)],
8 [sin® (52 + 2y) — cos” (5z + 2y)]

L
2\/5’

51,

52.

57.
58.
59.
60.
6l.
62.

63.

SECTION 11.3 PARTIAL DERIVATIVES

- t(2z —1) - 1 L 1
S I D W D W=
Ztt = 0
Zpw = (Int) [(Int) — 1] 2™ D=2,
2wt = CL’(lnt)71 1+ lntlnx, Zyg = .’Eaﬂt)*l 1 + lntlnx’
t t

1 -1
2 =zt lnx%
—48zy

2y3emy2 (2 + xyz)

Foys = 4823322

2%z (2 + zyz) e™V*

—siny

—2csc? (x — y) cot (x — y)
72y%2

(z + 2y + 323)°




4

SECTION 14.3 PARTIAL DERIVATIVES

Solufions

I3 Click here for exercises.

. f(z,y) =sin(y — )

. f(z,y,2) = 2yz

flay) =2 = folz,y) =32,
fx (37_1) =27
f@y) = V2 3y =
Fo(@,y) = 5 (22 +39) 72 (3),
__ 32 _3
f?!(274)_m_8
. f(r,y) =ze ™V +3y = Of/oy=x(-1)e ¥ +3,

(0f/y) (1,0) = —1+3=2

= Jf/0x = —cos(y — z),
(0f/0x)(3,3) = —cos (0) = —1

_o+y
$2+y2
9z _ 327 (2% +47) — (@7 +4°) (22)
Oz (2% +?)°
_1:4+3x2y2—23cy3
(@2 +y?)°
9z _ 3y (@ +¢*) — (@ +v°) ()
dy (22 +y2)°
:3x2y2+y4—2yx3
(22 +92)°
.z:x\/_—% =
0z 1\ ,.—3/2 Y
5 = VI (=3) a7 = i+ oo
Oz 1\ 12 1 =z 1
8y—‘r(2)y Vroo2yy Wz
_r.,y 9: _ 1 _y
Z_y+:v - or y a2
.z=(3my2—x4+1)4 =

0z/0x =4 (3my2 —at + 1)3 (3y2 — 4x3),
0z/0y = 4 (3zy® — zt + 1)3 (6zy)
= 24xy (3xy2 —zt 4 1)3

. u = zysec (zy) =

Ou /0w = ysec (zy) + zy [sec (zy) tan ()] (4)
= ysec (zy) [1 + zy tan (zy)]

e Y Ou 1(@+t)—=x(1) t
ettt 9z (z+t)’ (x4
ou o _ =
GG

= fy(z,y,2) = zz, 50
£,(0,1,2) = 0.

N Clich here for answers.

12.

20.

21.

22

23.

Sy =3t + 2%y !

f@y,2) = Va2 +y? +22 =

fz(z,y,2) = % (xz +y% + 22)_1/2 (2z2), so

_ 4 _ 4
f2(0,3,4) = 557 = 5
. U=TY FYZ+ 2 = U =Y+ 2, Uy =T+ 2,
U, =Y+
cu =3Bt = wu, = 205t Uy = 32yt
ur = 4ay>t3

[ (zy) = 2%y 2%y + 2 =

fo (z,y) = 32%Y° —dzy + 1, f, (z,y) = 52%y* — 227

- fley) =22 (2t +yt) =

fo (2,y) = 22y® (a:4 + y4) + z%y? (4x3) = 625y + 229°
and by symmetry f, (z,y) = 6y°2* + 2ya®.

= fo(z,y) = 403 + 2292,
fu (z,y) = 20%y + 4y°

. f(z,y) = ln(m2+y2) =

2z 2y

fo (x,y) = x2—+y2’fy(x’y)::r2+y2

(27) =

1
x2 +y2

. f(z,y) =etan(z —y) =

fo (x,y) = " tan (z — y) + e“sec? (x — y)
= e [tan (z — y) + sec® (z — y)],
fu (@) = e [sec? (z — y)] (1) = —e"sec® (x — y)

S

et =
folsty = DYEFE = (5) (5 + %)% (25)
- (VETe)

= ’52+t2’_52 . 2

- |82 +t2|m N (52+t2)3/25
filet) =5 (=4) (2 +#) @20 = -

st
(s2 + t2)3/2
g(z,y) = ytan (z°y°) =
9o (z,y) = [ysec® (z°y®)] (2zy®) = 22y sec® (2%y?),
gy (x,y) = tan (m2y3) + [y sec? (m2y3)] (3x2y2)
= tan (1’2y3) + 3z%y3 sec? (x2y3)

g(z,y) =In(z+ny) =

1 1
' s = 1) = 5
9o (2,9) x+lny() r+Iny
0 6) i
WY = e Ty \y) ~ y(@+y)

f(z,y) = e coszsiny =

fz (z,y) = ye®™ coszsiny + €™ (—sinzx) siny
=e"siny (ycosx — sinz),

Sy (z,y) = ze™ cosxsiny + e cosz cosy

=e" cosz (zsiny + cosy)



24,

25.

26.

27.

28.

29.

f(s,t)=+v2—-3s2-5t2 =
fo(s,t) = 1 (2= 35 —5t2) /% (—6s)
____ 88
V2 —3s2 =52
fo(s,t) = 1 (2 - 352 = 5¢%) ' (—10¢)
5
V2 — 352 — 5¢2
z =sinh3z+4y =
0 _
6_; = (cosh 3z +4y) (3) (3= + 4y) /2 (3)
_ 3cosh+/3z+ 4y
- 2+/3x + 4y ’
0 _
a—; = (cosh/3z +4y) (3) (3= + 4y) /2 (4)
_ 2cosh+/3z + 4y
- V3z + 4y
Since z = log, y, ¥ = y and zInz = Iny. Then
0z 1 0z z Iny
ox nx—&—z(m) 0, s0 Ox rzlnz gc(lnx)2
9z 1 0z 1
Also, (Inz) 8_y = g, so 8_y = oz
f(u,v) =tan™! (—) =
1 1 1 v?
fu(uyv) 1+(u/v)2 (;) _Z(ug_,'_vz)
o w
w2 402’
1 U u v?
Jo(u,0) = 1+ (u/v)? (71)2) 02 (u2 +v2)
. u
T w2 o2
f (iﬂ,t) — esin(t/m) =

in(t/z t t
n t) = sin(t/x) v v
fo(z,t) =€ cos | — =

t esin(t/w)
= —tcos <—> 5
x T

z:ln(w—i— x2+y2) =
0z 1 1.2 o\ —1/2
TN e 13 ) o)
()

B (1:+ 1:2+y2) VR
0z 1 1 2 o\ —1/2
== = + 2
ay T+ x2+y2<2>($ y) (y)

Y
T /$2+y2+x2+y2

30.

31

32.

33.

34.

35.

36.

37.

SECTION 14.3 PARTIAL DERIVATIVES

Yy
z=1a" ,s0lnz = z¥YInz and

1 1

_% zyxy_llna:—i—xy (—) =

z 0x T

9z _ z [y’ 'Inz +a¥ ] = 22" (14 ylnz)
oz ’
0z

oy (x‘y) (Inz) % (z¥) = (xzy) (Inz)zYInx

= :L,my-!—y (ln .T)Q

y
f(z,y) :/ e dt. By FTCl,

d%g _/ | f(t)dt = f (z) for f continuous. Thus

73 Yo 72 . T2 . a?
foea) =g [[eta= (= [T ) = o

Yy
and fy (z,y) = 8%;/ e’ dt =¥’

x Jt
fz,y) = / e? dt. If 0 isn’t in the interval [y, ], then by
y

e’ eY
FTCL, fz (z,y) = — and fy (z,y) = ——.

z Yy
fx,y,2) =2y +ay—2 =
fo (,y,2) = 22y2° +y, fy (2,y,2) = 2°2° + a,
f2(@,y,2) = 32%y2" — 1

f(xvyvz) :m\/y_z = fz (m,y,z) = \/y_Z,

_ Tz
fo(@y,2) =2 (%) (2) V2 (2) = 2\/y_z,andby
_ Ty

Symmetry’ fZ (1'7y5 Z) - 2 /—yz

flzy,2) =2 = fu(z,y,2)=yza"""". By
Theorem 3.5.5, fy (z,y, 2) = Y% In (2*) = z2¥* Inx and

by symmetry f (z,y,2) = yz¥* Inz.

f(z,y,2) = ze¥ + ye* + ze® =
fo (x,y,2) = € + ze®, f, (x,y,2) = we¥ + €,
fz(z,y,2) = ye* +e”
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38 u=ay’2In(z+2y+32) = My -2 =2r(y+2) <
1 0 9]
2.3 2,3 G2 = %9 N
Uy = y°2° In (z + 2y + 32) = zy’z (x+2y+32) p (2 +y*—2?%) aw[w(y—i-z)}
Oz Oz
— 253 |1 9 z 20— 22— =2(y+z2)+2z—- &
Yy z {n(er y+32)+$+2y+32 > Ox Oz
0z 0z T—y—=z
1 2(x+2z)—=2(r—y—2),850 — =
uy = 22y In (x + 2y 4 32) + 2?2 | ———— ) (2) ( )ax (@=y—2) ox T+ z
T+ 2y + 3z
y g(szrnyzQ):g[gx(erz)} o
=2xy2® |In (2 + 2y + 32) + ————|, oy dy
T+ 2y + 3z
2 —22%*223 1+% <
and by symmetry, Y dy By
“223‘”3/222[ln(x+2y+3z)+;} 2(:r+z)%:2(y—x) 0 _y=®
T+2y+3z oy Ty Ttz
_ = _ azy -1
Vu=ar = up=y7a¥ ", 5.0y + by =ty +2 =

z z—1 #z—1
uy =2V Inz- zy =z¥y zlnz, i(xy2z3+x3y22):i($+y+z) N

. =2¥ Inz(y*Iny) =2¥ y*Inzlny Oz 9z
T—y 1 y223 —&—Swyzzz% +3x2y22+x3y2% =1+ %,so
40. f(.T,y,Z,t) = m = fﬂﬂ ($7y>zat) = m’ Ox Oz Oz
1 (3zy*2” + 2%y* — 1) 9 _ 1—52%2% — 32%y*z and
fy (x7y7z7t) = _—t’ Oz
= 9z _1-— y22® — 32?2
oo, 5 0 = @) () (-7 = L ana br = Bep P Aoy 1
=0 _ g(wy2z3+w3y22):g(x+y+z) &
fil@y,zt) = @ —y) (1) (= ) 2 (<) = =45 %y %
(z—1) 3 5 20z 3 3 20z 0z
2 3 L) & _14Z
4. f(z,y, 2,t) =222t = fo(z,y,2,t) =223, TSy oy TAyET Ty Oy - Oy %
fy (@, 2,t) = 20y, f. (z,y, 2,t) = 3zy*2”t*, and (3xy222 + a3y — 1) % =1—2zyz® — 223y~ and
Y

x,Yy, 2, t) = 4wy 233
fe(z,y,2,1) Y 0z 1—2xyz® —22°yz

Oy Baxy2? +ady? —1°

7] 9]
82 zy+yz=zxz = %(xy—l—yz)—%(mz) &
46. z = f (ax + by). Letu = az + by.

+ %—erx% < fx)%—zf s0
Y% = oz Y or v Th du _ Ou _
en — — a and — = b. Hence
9z _z-y ﬁ(m + Z)_ﬁ(m) o Ox Jy
0z  y—=x Oy vy Oy %_ﬂ@—aL—af/(ax—&—b)and
0. o 92 9z~ dudzr  “dlaz+by) Y
rHztys- =35 & (Yy—z)5- =—(r+2),s0
oy~ "oy dy % My (ant by
0z x4z 0y d(ax+by) v

oy x—y )
4. f(zy) =2y +ayy = fo=22y+/5
8. zyz =cos(z+y—+z) =

T 1
fu =224+ ——=. Thus fes = 2y, foy = 20 + ——,
%@yz):%[cw(wwz)} & ’ 2y ! 2V
1 T
» =22+ ——and fyy = ———.
yz + xy% = [~sin(z +y + 2)] (1 + %), & 25 " = Ty
[zy + sin (x + +z)]%——[z—|—sin(x+ + 2)] W f(my)=dn(ety) teslz—y) =
y Y oz Y Y ’ fo = cos (z +y) — sin (z — y),
so% _ _yztsin(@+y+z) fy = cos(x +y) + sin (z — y). Thus

B - ,
T zy +sin(z+y+2) Fon = —sin (@ + 1) — cos (z — ),

0 0
(xyz) = B (cos (z 4+ y + 2)), and so by symmetry, fuy = —sin(
(

dy
Oz _ zz+tsin(z+y+2)
Oy  my+sin(zt+y+z) fyy = —sin(z +y) —cos (z

z +y) + cos (z —y),
(

fyz = —sin(z +y) + cos

z —y) and
— ).



50.

51,

52.

2 =2 (a? +y?) "% (22) = 3z (¢ +4°) "% and

3y (z° + y2)1/2. Thus

zew =3 (22 + %) + 32 (2 + 7)) 7 (3) (20)
3

2 2 2 2 2
(m +y)+3x 3(2m +y)and

/.T2 + y2 332 + y2
—1/2 3x
sy = 30 (3) (2 +97) 7 (29) = — . By
e +y
; 3y do = 3 (2 +2¢°)
symmetry 2y, — = T y2 and zyy — W

z =cos® (5x +2y) =

zz = [2cos (bx + 2y)] [ sin (5z + 2y)] (5)
= —10cos (5z + 2y) sin (5z + 2y) and

zy = [2cos (b + 2y)] [— sin (5z + 2y)] (2)
= —4cos (bx + 2y) sin (5z + 2y)

= (10) (5) sin? (52 + 2y) + (—10) (5) cos® (5 + 2y)

= 50 [sin”® (5z + 2y) — cos” (5z + 2y)],

= (10) (2) sin? (5x + 2y) + (—10) (2) cos® (5z + 2y)

= 20 [sin® (52 + 2y) — cos” (52 + 2y)],

Zye = — (—4) (5) sin? (5z + 2y) + (—4) (5) cos® (5z + 2y)
= 20 [sin® (52 + 2y) — cos” (5z + 2y)],

2y = — (—4) (2)sin (52 + 2y) + (—4) (2) cos? (52 + 2)
= 8 [sin® (5z + 2y) — cos” (5z + 2y)]

z =tsin"tyr =

t
2o =t—— (L) a7V ————
* 1-(vz)? (2) 2vVx — x2
2z = sin~!y/z. Thus
_1 1 2\ —3/2 _ t(2z—1)

2o = 5t (—3) (2 —2%) (1—2$)—W,

1
Zxt = ——>

2vx — x?

1 1.-1/2 1

Ztw = (5ac ) =———,and 2z, =0.
- (vVa)* 2=

z=2"" = 2z, =(nt)2"™9" ! Inz = (Int) (Inz) so
1 1

2t = (:cl“t) —|lnz = mlntﬂ. Thus
t t

Zew = (Int) [(Int) — 1] 2" D=2,
Inz, = In(Int) + [(Int) — 1]Inz, so

Zpt = Z L 1 —l—llnx
T nt \ ¢t t

(nt)-11+ (n?) (Inz)
tint
1+1Intl

_ pnn—1 1t I;t nx

= (Int)z

53.

54.

55.

Uzy

56.

7.

58.

59.
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Also
_— (Int) ™9 Iz + (1/z) 2™
tr — n

:x(lm)_llJrlr;tln:r and

8 In Int In —2

o [ ()

— Z‘lntlnﬂf(lnx) -1

t2

u=2zy" — 322y + 222 = wu, =52yt — 6ay® + 4z,
_ 4,3 2 — 4.5,3 2 2
Uzy = 202" y” — 182y~ and uy = 42°y” — 9z“y~,

Uy = 202*y® — 18xy?. Thus Uzy = Uys.

w=sinzcosy = u, = 2sinxcosxcosy,
Uzy = —2sinz coszsiny and u, = — sin® zsiny,

Uyr = —2sinz cosxsiny. Thus uzy = Uys.

u = sin™?! (ny) =

1
—— (") =y’ VI -2

Ugp =

1— (zy?)?
=2 (1 _ x2y4)_1/2 + y2 (_%) (1 _ x2y4)_3/2 (—4x2y3)
- 2y (1 — x2y4) + 2x2y5 _ 2y

nd

(—ary T A —ar)

w—_r (2zy) = _ Zzy
L i- ey Vi
2yy/1 — 22yt — 22y (3) (1 — x2y4)71/2 (—2xy4)

1— z2yt
_ 2y — 2x2y° + 22?y° _ 2y
(1 —a2yt)*/? (1—a2yt)*/?
Thus uezy = Uye.

Uyy =

4

w=zy32t = u, =232, Ugy = 6xyzt,

Ugy = 8:cy3z3; Uy = 3x2y224, Uyy = 6:cy2z4,

2 2_3, 2 3.3 3.3
Uy, = 122°Yy“2°; u, = 427Y°2°, uze = S8zYy°2°,
Uzy = 1222423, Thus Upy = Uya, Uzz = Uzy, and
Uyz = Uzy.

f (may) = x2y3 - 2'T4y = fx = 2wy3 — 8$3y,
facm = 2y3 - 24152.% facarr - —48$y

z, :ezyQ = z = QemyZ, Tz — 46361/2,
Yy Yy Yy

fzzy = 4y3ezy2 + 2$y5€zy2 — QyBezyz (2 4 $y2)
f@y,2) = + 2'y*2® +y2° =

fo = 5a* + daPy*23, fo, = 1623323, and

fayz = 481373 2>
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60.

61.

62.

63.

64.
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f(z,y,2) =e"* = f, = xze™*,

fyz = 2e™* + 1z (xy) €Y = ze®¥* (1 + yxz), and
fyzy =z (22) €7 (L + 2y2) + xe™” (22)

TYz

=222 (24 zyz)e

2

z =xsiny = %:siny,m:cosy,and
03z
8y28

—siny.

z=Insin(zx —y) =

0z 1
Fr mcos(xfy) = cot (z — y),
2
% = —csc? (z — y) and
3z
9y 022 = —2csc(z —y)[—csc(x —y)cot (z —y) (—1)]

= —2csc? (x — y) cot (z — y)

uw=1In(z+2y*+32°) =

u _ 1 (9z2) . 922
0z  x+2y?+323 T x4 2y2 + 323
azu _ 2 2 3\ —2
B 36y 2>
(x + 2% + 323)%
d u _ T2y 2>
Letw =z +y. Then ow =1= 8—w, and by the Chain
oz Oy
Rule,
. df dw dg Ow
te = f (w) —Hvd 9z " Yaw oz
= f (w) +zf" (w) +yg' (w),
df ow dlf' ) ow  dlg (w)] ow
Uas = G ae T O T T e Y T e
=2f"(w) + zf" (w) + yg" (w),
and
_dfow  d[ff (w)]ow dlg' (w)] ow
Yoy = w y dw 0y to W)y = dw 0Oy

= f'(w) +zf" (w) + ¢' (w) + yg" (w)
Similarly uy = zf’ (w) + g (w) + yg’ (w) and
uyy = xf” (w) +2¢" (w) +yg" (w). Then
Uzz — 2Uzy + Uyy
=2f"(w) +2f" (w) + yg" (w)
—=2f" (w) = 2zf" (w) — 2¢' (w) — 2yg" (w)
+af" (w) + 29" (w) +yg" (w)

.f(:rl,...,xn):(x%—l— -+ s

)(2 n)/2 -

8 —n/2 .
8; (175)2m1(m1+ +22) " 1<i<n =

0% f n —n
Gz =2(1-5) @t tad) ™

— (2n) (1 _ g) (@?) 22+ + m%)—(zw)/z’
1 < i < n. Therefore
62f 0% f

= i [(2—71) (w%-&-..._i_x%)fn/z

—n(2—n) (:r?) (m% I xi)*<2+">/2}
:n(2—n)(m§+...+x%)*"/2

_n(2—n (17%++:L’%) (x%+...+xi)—(2+n)/2
=n(2—n) (x%+...+x%)—”/2

—n(2—n)(aﬁ+...+wi)—”/2



