11.2 Limits and Continvity

SECTION 11.2 LIMITS AND CONTINUITY

B Click here for answers.

1-22 m Find the limit, if it exists, or show that the limit does
not exist.

1. lim  (x¥%? — 2xy® + 3y)

(xy)—23)

2. lim (x*+ 3x%? -5y + 1)

(X y)—(=3,4)
3 i x%y® + x%? — 5 A ; X* + xy +y?
T %00 2 —xy Tay—2y X2 —y?
. [ X+ . ey
5. lim xsin y 6. lim e*¥
(% y)=(, m) 4 *y)—(1,4)
7 lim Xy 3 lim oy
T xy—00 X%+ y? T xy—00 X2+ 2y?
9 im X+ y* 10 im &y”
T y—00 X2+ y? T xy—00 x* + y?
n lim XAE 2. lim YL
T xy—00 X2+ y? T xy—00 X2+ y2+1
2
. X
13. lim — y 3
(xy)—(0,0 X° + 'y
14 X -y
T y—@o X2+ y2—AX + 4
15 VXyr+1-1

xy—00 X2+ y?

Xy — X

16. Iim ———F———
Gy 00 X2 + y2—-2y+1

lim X2+ y?2—2x — 2y
xy—@-1) X2+ y>—2X+ 2y + 2

17.

xz% — y%

18. lim
xy—123 Xyz — 1

: i Y+ _
1 %y, z!T(]z 3,0 [xe" + In(2x — y)]
X% — y2 — ;2

20. im
(xy.9—000 X2 + y? + 72

Xy + yz + zX

21. m S
(*xy.9—000 X2+ y? + z?

XZyZZZ

22 im
x¥.9-000 X? + y? + z?

B Click here for solutions.

23-24 m Find h(x,y) = g(f(x,y)) and the set on which his
continuous.

23. g(t) = e tcost, f(xy) = x* + x%y? + y*

4. g(z) =sinz, f(x,y)=ylnx

25-38 1 Determine the set of points at which the function is
continuous.

x2+y2+1

25. F(x,y) = Cryi—1 26. F(x,y) = NCYE
27. F(x,y) = tan(x* — y*) 28. G(x,y) = e¥sin(x +y)
29. F(x,y) = Xzil_y 30. F(x,y) = In(2x + 3y)

LG Y) =X +ty—Vx—y

Xyz .
32. f(x,y,2)= m 33. G(x,y) = 2%t
34. f(x,y,2) = xIn(yz) 35, f(xy,2) =X+ yJx + 2
2x* — y*
36. f(x,y) =1{ 2x2 + y? if (xy) # (0,0)
0 if (xy)=1(0,0)
xys
37. f(xy) =14 2x2 + y? if (xy)#(0,0)
0 if (xy)=(0,0)
oy
38 f(xy) =< X2+ xy +y? if (x,y)# (0,0

0 if (x,y)=1(0,0)

39. Prove, using Definition 1, that
@ Ilim x=a (b) Ilim y=b

(xy)—(a b) (x,y)—(ab)

C lim c=c¢
( ) (xy)—(a b

40. Use polar coordinates to find
sin(x? + y?)
xy—=00 X2+ y?

[If (r, 6) are polar coordinates of the point (X, y) withr = o,
note that r — 0" as (x, y) — (0, 0).]

x® + x3y® + y°
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fAinswers

I3 Click here for exercises.

1. =927
3. —

ot

5. m
7. Does not exist
9. Does not exist
1. 0
13. 0
15. 0
17. Does not exist
19. 2

21. Does not exist

8. h(z,y)= e~ (@77 +u?) oo (x4 +z2y* + y4), R?

2
a.
6.
8.

18.
20.
22

86
1
&3

Does not exist

. Does not exist
.1

. Does not exist

Does not exist

alw

Does not exist

0

2. h(z,y) =sin(yln z), {(z,y) | z > 0}

5. {(z,y) | 2*+y* —1#0}

Bl Clich here for solutions.

2. {(z,y) |y # —=}

27. {(z,y) | a* —y*# (2n+1)Z,nan integer }
28. R?

29. {(z,y) |y #2°}

30. {(z,y) | 2z + 3y > 0}

31. {(z,y) | [yl < =}

(

(

(
32 {(z,y,2) |z #2* +y°}
33. {(z,y) | y # (2n + 1) 5, n an integer }
4. {(z,y,2) | yz > 0}
35. {(z,y,2) |+ 2z > 0}
36. {(z,y) | (z,y) #(0,0)}
37. R?
8. {(2,9) | (,9) # (0,0)}
40. 1



Solufions
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I3 Click here for exercises.

1. The function is a polynomial, so the limit equals
(2%) (3%) —2(2) (3°) +3(3) = —927.

2. The function is a polynomial, so the limit equals
(—=3)% +3(=3)2(4)* —=5(4)® + 1 = 86.

3. Since this is a rational function defined at (0, 0), the limit
equals (0+0—5) /(2—0) = —3.

4. This is a rational function defined at (—2, 1), so the limit
equals (4 —2+1)/(4—-1) = 1.

5. The product of two functions continuous at (7, 7), so the
™4+
1

limit equals 7 sin =.

6. The composition of two continuous functions, so the limit

equals eV1T8 = ¢3
—Y
7. Let f (z,y) = e First approach (0, 0) along the

z-axis. Then f (z,0) = % = % and lin%)f (z,0) doesn’t

exist. Thus  lim  f(x,y) doesn’t exist.
(z,y)—(0,0)

2xy
8. Letf(x,y) = m

z-axis, f (z,y) — 0. But as (z,y) — (0,0) along the line
so f (w,y) — % as (z,y) — (0,0)

. As (z,y) — (0,0) along the

y:x,f(a:,x)

3 322’
along this line. So the limit doesn’t exist.
(z+y)* :
9% f(z,y) = P As (z,y) — (0,0) along the z-axis,
f(z,y) — 1. Butas (z,y) — (0, 0) along the line y = z,
Az 2
fz,z) = 2—2—2form7é0 so f (z,y) — 2. Thus, the

limit does not exist.

8x2y? . .
10. f(z,y) = e Approaching (0, 0) along the z-axis

gives f (x,y) — 0. Approaching (0, 0) along the line y = =z,

f(z,2) = Si = 4 for x # 0, so along this line
f(z,y) — 4as (z,y) — (0,0). Thus the limit doesn’t exist.
1. lim IQ—’—J lm =
(z,4)—(0,0) 2 4 y2 (#,9)—(0,0)
12. Since % is a rational function defined at (0, 0) the
22 +y2 41
limit is — T =
0+0+1
2302
13. f(z,y) = 932—+Z/2 We use the Squeeze Theorem:
|2°y? 3] o 2 2,2 3
0< PR < |a: |smcey <z“4vy ,and|ac |—>Oas

z,y) — (0,0). So  lim z,y) =0.
(@y) = (0,0). S0 lim ' f (,y)

N Clich here for answers.

4. f(z,y) =

16. Let f (z,y) =

20. Let f (x,y,2) =

ry—2y __y—2)
24y —dz+4 424 (2 - 2)
f(z,0) =0forz # 2,s0 f (z,y) — Oas
(z,y) — (2,0) along the z-axis. But
flz,z—2)= (m722)(x72)2: (x72)22:1f0r
(x—2)"+(z—2) 2(z—2) 2
z #2,50 f (z,y) — 1 as (z,y) — (2,0) along the line
y = x — 2 (z # 2). Thus, the limit doesn’t exist.

5. Then

15. We have

22,2 —
0<\/:vy +1-1

— x2+y2
22

= ry (rationalize)

(22 +y?) (\/azz-&-y +1 +1)
x2y2
T 2(2?+¢7)

But lim z%=
(z,y)—(0,0)

Vrxzy24+1-1
1m —_— s =
@y—00 % +y?
Ty —=z
y# 1,50 f(z,y) — Oas (z,y) — (0,1) along the y-axis.
z(x+1-1)
24 (z+1-1)>2
f(z,y) — 3 as (z,y) — (0,1) along the liney = = + 1.
Thus, the limit doesn’t exist.

< @ [since y* < 2 (2* +y?)]
0, so, by the Squeeze Theorem,
. Then f (0,y) = 0 for

But f (z,z+1) = :%form;ﬁOso

17. Let

2?2 +y? —2c—2y
2 +y?—2c+2y+2
(=1 +(@y—-1*—2

(@ =1+ (y+1)*

(y—1° -2
Then f (1,y) = ~———
o=y

along the line z = 1, the limit of f (x,y) doesn’t exist and so

f(:r,y) =

. Thus, as (z,y) — (1,—1)

the limit doesn’t exist.

2 _ a2 _ 92
Tz yz_l 3 —2 3:fésincethe

li =
@) a(1,23) Tyz — 1 1-2.3-1 5
function is continuous at (1,2, 3).
19. lim [ze® +In (22 — y)]

(z,y,2)—(2,3,0)
=(2)(e”) +In(4-3)=2
since the function is continuous at (2, 3, 0).

2

2_y2_z
T henf(@0,0)=1for

x #0and f(0,y,0) = —1fory # 0, so as

(z,y,2) — (0,0,0) along the z-axis, f (z,y,z) — 1 butas
(z,y,2) — (0,0,0) along the y-axis, f (z,y,z) — —1.
Thus the limit doesn’t exist.



21.

22

23.

24,

25.

26.

SECTION 11.2 LIMITS AND CONTINUITY
_xytyz+zx
Let f (z,y,2) = it
x # 0,s0as (z,y,z) — (0,0,0) along the z-axis,
f(z,y,2) — 0. But f (z,2,0) = 2* /(22®) = 5 for
x # 0, s0as (z,y,2) — (0,0,0) along the line

Then f (x,0,0) = 0 for

y=z,2=0, f(z,y,2) — % Thus the limit doesn’t exist.

We can show that the limit along any line through the origin
is 0 and thus suspect that this limit exists and
equals 0. Lete > 0 be given. We need to

22y

whenever 0 < /22 + y2 + 22 < ¢ or equivalently

2,22
< & whenever 0 < /22 + y2 + 22 < . But

T y“z

22 <a2?+y?+ 2% and similarly for y? and 22, so
w2y B (xz TP JrZz)ﬁs

22+ 42 +22 = 22 +y2 + 22

22 + 4%+ 22 # 0. Thus choose § = /4 and let

0< a2 +y%2+22<4. Then

$2y222

m2+y2+22

find 5§ > 0 such that —0| <e¢

= (x2 +y2+ 22)2 for

_0‘ < ($2+y2+22)2

= (VETET2) <ot= (1) =<

2. 2 2
Hence by definition lim % =
(z,9,2)—(0,0,0) ° + Yy~ + 22
.T2y222
Or: Use the Squeeze Theorem: 0 < ———2-"—— < g2¢?
x2 +y2 4 22

since 2% < 22 + y? + 22, and 2%y% — O as
(z,y,2) — (0,0,0).

h(z,y) =g (f (z,y) =g (¢* + 2%y +y*)

= e~ (=2 v") oo (x4 + 22y + y4)
Since f is a polynomial it is continuous throughout R? and g
is the product of two functions, both of which are continuous

on R, h is continuous on R2.

h(z,y) =g (f (z,y)) =sin(yln z). Since

f (z,y) = yInz it is continuous on its domain

{(z,y) | > 0} and g is continuous throughout R. Thus &
is continuous on its domain D = {(z,y) | z > 0}, the right
half-plane excluding the y-axis.

F (z,y) is a rational function and thus is continuous on its
domain D = {(z,y) | #° +y* — 1 # 0}, that is, F is

continuous except on the circle % + y? = 1.

F (z,y) is a rational function and thus is continuous
on its domain

D ={(z.y) | 2" +y* # 0} = {(z,y) | y # —a} ,R?
except the line y = —x.

27.

28.

29.

30.

3L

32.

33.

34,

F(2,y) = g (f (x.y)) where f (z,y) = a* — y*,

a polynomial so continuous on R?

and g (t) = tant, continuous on its domain

{t|t# (2n+1) %, nan integer}.

Thus F' is continuous on its domain

D ={(z,y) | z* —y* # (2n+ 1) Z,n an integer}.

G (z,y) = g (z,y) f (v,y) where g (z,y) = e"¥ and
f (z,y) = sin (x + ) both of which are continuous on R?.

Thus G is continuous on R2.

is a rational function

1
Fay) = 5—
and thus is continuous on its domain
{(@,9)|2® —y #0} = {(z,9) |y #2°}, 50 F is
continuous on R? except the parabola y = x2.

F(z,y) =In(2z + 3y) = g (f (z,y)) where

f (x,y) = 2z + 3y, continuous on R? and g (t) = Int,
continuous on its domain {¢ | ¢ > 0}. Thus F is continuous
on its domain D = {(z,y) | 2z + 3y > 0}.

G (z,y) = g1 (f1(2,9)) — g2 (f2 (z,y)) where
fi(z,y) =z +yand f2 (z,y) = z — y, both of which are
polynomials so continuous on R?, and g1 (t) = v/%,

g2 (8) = /s, both of which are continuous

on their respective domains {¢ | ¢ > 0} and

{s | s > 0}. Thus g1 o f1 is continuous on its domain
Dy ={(z,y) |z +y =0} ={(2,y) | y = —x} and

g2 © f2 is continuous on its domain

Dy ={(z,y) |z —y >0} ={(z,y) | y < z}. Then G,
being the difference of these two composite functions, is
continuous on its domain

D=DiNDy={(zy)| —z<y<a}

={(@y) [yl <}

B TYZ
f(z,y,2) = P g

and thus is continuous on its domain
{(@,y,2) | 2* +y* —2 £ 0} = {(z,y,2) | z # 2° +y*},
so f is continuous on R? except on the circular paraboloid

is a rational function

z=x2+y2.

G (z,y) = g(f (z,y)) where f (z,y) = ztany
which is continuous on its domain

{(z,y) |y # (2n+ 1) 5, n an integer } and g (¢) = 2
which is continuous on R. Thus G (z, y) is continuous on its
domain D = {(z,y) | y # (2n + 1) §,7n an integer }.

f(z,y,2) =zg(f (y, z)) where f (y, z) = yz, continuous
on R? and g () = Int, continuous on its domain {t | ¢ > 0}.
Since h (x) = z is continuous on R, f (x, y, ) is continuous
on its domain D = {(z,y, z) | yz > 0}.



35. f(z,y,2) =h(z)+k(y)g(f (z,2)) where h (z) = z and
k (y) = vy, both continuous on R and f (z, z) = z + z,
continuous on R?, g (t) = v/ continuous on its domain
D = {t|t>0}. Thus f is continuous on its domain

D = {(z,y,2) | x + 2z > 0}.

In Problems 36-38, each f is a piecewise defined function whose first piece is a
rational function defined everywhere except at the origin. Thus each f is continuous

on R? except possibly at the origin. So for each we need only check

I ().

lim
(z,9)—(0,0)

36. Letting z = v/2z,
922 _ 42 2_ 2
im 2L Y . ym 2 Y
(@) —(0,0) 222 +y> (5, )=(0,0) 2% + 2

exist by Example 1. Thus f is not continuous at (0, 0)

which doesn’t

and the largest set on which f is continuous is

{(z,9) | (z,y) # (0,0)}.

22y?
21:2 + y2
know that ‘y?’! — 0as (z,y) — (0,0). So, by the Squeeze

37. Since z2 < 222 + y2, we have < ‘y3’. We

h 1 1 2y’
Theorem, im T,y) = im — =0.
(2,)—(0,0) f@y) (2,y)—(0,0) 222 + y?

Also f(0,0) = 0, so f is continuous at (0,0). For
(z,y) # (0,0), f (z,y) is equal to a rational function and is

therefore continuous. Thus f is continuous throughout R2.

x
m. Theng(x,O) = 0/1‘2 =0

forz # 0,s0 g (z,y) — Oas (z,y) — (0,0) along the

38. Let g (z,y) =

2
z-axis. Butg(z,z) = % = % forz # 0,50 g (2,y) — %
T

as (z,y) — (0,0) along the line y = z. Thus
. Ty
lim ——————
(@.9)—(0,0) % + zY + Y2
continuous at (0, 0) and the largest set on which f is
continuous is {(z,y) | (z,y) # (0,0)}.

doesn’t exist, so f is not
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39. (a) Lete > 0 be given. We need to find § > 0 such that

|z — a| < e whenever 0 < \/(x—a)2+(y—b)2 < 4.

But|x—a|:\/(x—a)2§\/(m—a)2+(y—b)2.

Thus setting § = ¢ and letting

0<\/(m—a)2+(y—b)2<6,wehave

|z —al < \/(x—a)2+(y—b)2<§:e. Hence, by

Definition 1, lim z=a.
(z,y)—(a,b)

(b) The argument is the same as in (a) with the roles of = and
y interchanged.

(c) Lete > 0 be given and set § = €. Then
|f (z,y) =Ll =]c—c[=0

<@+ @-b<s=c

whenever 0 < \/(ac —a)® + (y — b)* < 4. Thus, by

Definition 1, lim c=c

(z,y)—(a,b)
. 2 2 . 2
sin (z° + sin (7 L
40. lim M = lim , which is an
(@.9)=(0,0) %4 y? r—ot 12

. . 0 .. . .
indeterminate form of type 0 Using 1’Hospital’s Rule, we

get

2 2
lim sin (2r ) — lim 2r cos (r )
r—0t T r—0+ 2r

= lim cos (7"2) =1
r—0
sinf

1.
0

Or: Use the fact that (}in})



