10.3 Arc Length and Corvature

SECTION 10.3 ARC LENGTH AND CURVATURE

B Click here for answers.

1-3 mn Find the length of the given curve.

1. r(t) = (2t,3sint,3cott), asts<b

2. r(t) = (e', e'sint, e'cost), 0<t=<2w
3. r(t) = 6ti + 3,2t%j + 2t°k, 0<t<1
4. x=2t,y=1% z=1t3 Ost<1

5. x=tcost, y=tsint, z=t, 0st<w/2

6-8 1 Reparametrize the curve with respect to arc length mea-

sured from the point where t = 0 in the direction of increasing t.

6. r(t) = e'sinti + e'costj
7.r) =1+ 2t)i + 3+1t)j — 5tk

8. r(t) =cos’ti + sntj + cos2tk, O0<t< 7/2

9-14
(a) Find the unit tangent and unit normal vectors T (t) and N(t).
(b) Use Formula 9 to find the curvature.

9. r(t) = (sin4t, 3t, cos4t) 10 r(t) = (6t, 342t 2t*)
. r(t) = <ﬁcost,sint,sint>
12 r(t) = (13,2, 21)

13 r(t) = (V2t, €', e ) 14. r(t) = (t2 2t¥3, t)

B Click here for solutions.

15-19 i Use Theorem 10 to find the curvature.

15. r(t) =i +tj +t?k

16. r(t) = (1 + t)i + (1 —1t)j + 3t?k
17. r(t) = 2t3i — 3t?j + 6tk

18. r(t) = (t> + 2)i + (t2 — 4t)j + 2tk

19. r(t) = sinti + costj + sintk

20. Find the curvature of r(t) = <\/§t, e, e") at the point (0, 1, 1).

21-23 1 Use Formula 11 to find the curvature.

21. y = /x 22. y=sinx
23. y=1Inx
24-25 i Use the formula

_ Xy - yx|

K= [X2 + y2]3/2

where the dots indicate derivatives with respect to t (see Exer-
cise 34 in the text) to find the curvature of the parametric curve.

2, x=1t3 y=t?

25. x =tsint, y=tcost
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fAinswers

I3 Click here for exercises.

1. V13(b—a)
2. V3 (e’ —1)
3.8

4.v3+21In(VZ+3)
5. ln< ’T{+2+g) T JE 4+2-1nV2

_l’_
6.1 (t(s)) = (%H 1) {sm (1n (%H 1))1

+ cos (ln (%s + 1)) j]

2or(t(s) = (1+ Bss) i+ (3+ oks) J— sk
8.1 (t(s)) =cos® [Lcos™! (1—2s5)]i

+sin® [Leos™ (1 - £s)]j+ [1 - £s
9. (a) £ (4cos4t, 3, —4sin4t), (—sin4t,0, — cos 4t)

(b) 32
_1
1+¢2

1

V2(1+12)
1
3v2 (1 +12)2

. (a) = <—\/§sint,cost,cost>,

10. (a) (1,v2t,1%),

(—2t,v2 (1 —+t%),2t)

(b)

<—\/§cost, —sint, — sint>

S R

(b)
1

t2 +2

2

(> +2)

; <\/§e2t762t7 _1>’

et +1
1

m<1_e2t7\/§et7\/§et>
Vet

(e2t + 1)2

12. (a) (t*,2t,2) #2 (2t,2 — t?, —2t)

s
(b)

13. (a)

(b)

Bl Clich here for solutions.

1 2 1 2
4. (a) —— (2t,2t2,1), ——— (1 — 2t,2t, —2¢
(a)2t2+1< ’ 7>:2t2+1< ) ) >
_2

(2t2 4+ 1)?

2

(412 +1)3/2

3

(1+18t2)*/?

(b)
15.

16.

V14482 +t4
6 (t4 + 12 +1)%/?
NG
2(2t2 — 4t 4 5)%/2
V2
(1 + cos?t)*/?

V3
20. 2

2
21, ———
(4z 4 1)%/?

|sin z|
22, —M8M8M8M—
(1 + cos? z)%/?

||
(22 +1)*/2
6
[t] (9¢2 4 4)%/2
2+ ¢2
(14 ¢2)%/2

23.

24,

25.



Solufions

SECTION 10.3 ARC LENGTH AND CURVATURE
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1. ' (t) = (2,3 cost, —3sint),
It (£)] = /4 +9cos?t + 9sin® t = /13,
L:ff\/ﬁdt:\/ﬁ(b—a)
2. v’ (t) = (€', €' (sint + cost) e’ (cost —sint)),
|t ()] = e'\/1+2sin®t + 2cos? t = v/3e?,
L= fo% V3el dt = \/§ (627’ - 1)
3.1/ (t) = (6,6V2t,6%),
v ()] = 6v/1+22 + 5 =6 (1+ %),
L=[i6(1+t})dt=[t6(t+t)], =% =8
4.1’ (t) = (2,2t,2t), |’ (t)] = 2v/1 + 22
L:folmdt:f;ﬁseCBGdG
= @ [In|sec @ + tan O] + tan 6 sec 6]°
= 2 [In|VI+ 20 + V2t + VZtvIT 282
(or use Formula 21)
2 [InV3+ 2|+ V2v3]
=V3+LZIn(V2+3)
5.1’ (t) = (cost — tsint,sint + t cost, 1),
|t ()| = \/cos? t + 2 sin®t + sin® t + tcos? t + 1
NES
L=[T?vET2dt=["sec®df
= [In|VEF 2+ + sevE+2)0?

(or use Formula 21)

[ =2 s n /=2

6. v’ (t) = e (cost +sint)i+ e’ (cost — sint)j,

ds/dt = |r' (t)| = et\/(cost +sint)® 4 (cost —sint)?

=e'v/2cos2t + 2sin? t = /2

s(t)= [y I’ (W)|du= [j V2" du=+2 (e —-1) =

Hstl=e = t(s)= (%s—i—l). Therefore,

r(t (s)) = (%s + 1) {sin (ln (%5 + 1)) i

+cos (1n (s-+1)) ]

1.r' (t) =2i+j—5k,
ds/dt = |rv' (t)] = A+ 1+ 25 = +/30 and
s(t) :fg \r/(u)|du=f0t\/%du= V30t

= t(s) = \/%s. Therefore,

r(t(s)) = (1+\/%s>i+(3+\/%s)j—\/%sk.

N Clich here for answers.

8.

v @)

= \/(—3 cos2tsint)? + (3sin” t cos t)2 + (—2sin2t)?

= \/9 sin® ¢ cos2 ¢ (0052 t + sin? t) + 4sin? 2t

= \/% (2sint cost)® 4 4sin? 2t = \/(% +4) sin? 2¢
= gsin%
Then for0 <t < 3,
s(t) = fot v’ (w)| du = gfg sin 2u du
= —% [COSQU]B = % (1 — cos2t)
Therefore, ¢ (s) = 4 cos™" (1 — £s) and
r(t(s)) =cos® [cos™" (1 —2s)]i
+sin® [3cos™! (1 — 25)]j
+cos[2-gcos™t (1—2s)]k
= cos® [% cos™ ! (1 — % )} i

+sin® [% cos ™1 (1 - %s)] j+ [1 - %s] k

. () T (t) = @ _ 1 (4cos4t, 3, —4sin4t)

[t/ (t)] 16 +9

= £ (4cos4t,3, —4sin4t)

N (t) = ;; E& = %_5 (—16sin 4,0, —16 cos 4¢)
= (—sin4t, 0, — cos 4t)
o () = T 28 8
. (@) T (t) = l: & = 6(1it2) (6,6v/2t,6t%)
= (0 V)
N = )
o | (V)
+ ﬁlﬁ (0,v2, 2t>}
S
- m (—2t,V/Z (1 —#2) ,2t)
®) £ (t) = ||T’,((:))\| = 1\&2 ’ 6(11+t2)
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r' (t)
v (¢)]

= ! <f\/§sint,cost, cost>

\/2sin?t + 2cos? t

(—V/2sint, cost, cost)

1. (a) T(t) =

<—\/§cost, —sint, — sint>

V/2cos2t + 2sin?t

(—V/2cost, —sint, —sint)

L
V2

12. () r' (t) = (£7,2t,2)

|t/ (t)| = VIT+ 42 + 4 = /(12 + 2)* = t> + 2. Then

_r@ 1
TO=wo " P2
—2t

T

(t*,2t,2).

1
T’ (t) = t2’ 2t, 2> —+ t2— <2t, 2, 0>

+2

(by Theorem 13.2.3 #3)
_ ﬁ (—263, —4t?, —at)

1
+ m (2t% + 4t, 2t + 4,0)
1

"y
T’ ()] =

(4t,4 — 2%, —4t)
162 +
(2 +2) @rY
= m\/ 4t4 + 16t2 + 16
. 1
(# +2)°

2
T2 42

(16 — 16t + 4t*) + 1612

2 (1 +2)

4(12 +2)° = IS

T 1/ (+2)°
T T 2/ (@ +2)

1
T (2t,2 — ?, —2t)

4t,4 — 262, —4t
(

T @) _2/(*+2) 2
e (&) 2+2  (#242)?

(b) r (t) =

1

VIt

et—l—et

13. (a) T(t) = <\/§7€t7_e—t>

T (t) = (ezz ) <\/_e e? ,—l>
2
e (Ve 26%,0)
= ﬁ <—2\/§€3t +v2e% + \/ieta
e
_2e4t +2€4t +2€2t,262t>
1
— W <\/§(e —e? ) 2e2t 2@2t>
1
\T' (t)| — —(th n 1)2 \/2 (6215 4 bt — 2641&) + 8edt
t t
:LQ(e%+1) _ \/56
(et +1) et +1
1 o2t +1
N(t) = I vae <\/_( e®),2¢%,2e")
1
=——— (V2 (et —e3) ,2e% 2e*
\/§(€2t+1)6t<\/_( ) >
1
= g (1 VB V)
2t
(b) k(1) = fe N P
(e2t41) et4et (e2t41)
1
14 (a) T(t) = ——————— (2t,2¢%,1
@ T 4152-1-4:‘,4-1-1< >
1 2
T (t) = — (262 + 1) % (4t) (2t,2¢%,1)
+ (202 +1) 7 (2,4¢,0)
_ 1 2 2
= m<—8t +4t° 4 2,
—8t% + 8t% + 4, —4t)
1
=——— (1 —2t%,2¢, -2
(2t2 +1)° { )
1 2
T (t)] = ———=V1 — 42 + 4t* + 8t2 =
R (2t2+1)2‘/ e 2t2 +1
2 2t2 4+ 1 5
N (@) = . 1—2t°,2t, -2t
1 2
2 1 2
t) = . =
(b) /i( ) 22 +1 2t2+1 (2t2 + 1)2
15. 1 (£) = j— 2k, v (1) = =2k, ¢ (1)° = (4> + 1)/,
v’ (t) x " (t)] = |—2i] = 2,
- @2
v ()] (482 4 1)°/2

16. r' (t) = (1,—1,6t), r” (¢t) = (0,0,6),
0 = (vV2+3612)° = [2(1+182)] ",
' (t) x ¢ ()| = [(—6,—6,0)| = 6v/2,
o) = O X" @1 612 _ 3
e (¢)]? [2(1418t2)%2  (1+18t2)%/2




17. ¥/ (t) = (6t°,—6t,6), r” (t) = (12t,—6,0),
@ = 6 (1 + 2 1),

v’ (¢) x v (t)| = [36 (1, 2t,¢*)| = 36v/1 + 412 + t4,

IR RS YOI (Y G
e’ (t)° 63 (14 +12 +1)%/2

V144t +t4
6 (t4 412 +1)%/?
18. 1 () = (26,2t — 4,2), ' () = (2,2,0),
It ()] = (4% + 46> — 16t + 16 + 4) >/
=8 (26> — 4t +5)%7,

e (8) x 1 (8)] = 4](~1,1,2)] = 46,

k() = " () x " ()] _ 4v6
0K 8 (212 — 4t + 5)*/?
V6

2(2t2 — 4t 4 5)*/2

19. r' (t) = (cost, —sint, cost),
r" (t) = (—sint, —cost, —sint),
¥ 0 = (Vo TI)’,
e () x " ()] = [{1,0, -1)| = V2,
N R TGN
v’ (2)] (1+ cos? t)3/2

2. 1’ (t) = (V2,e’,—e~"). The point (0,1,1)
corresponds to t = 0, and 1’ (0) = (v/2,1, 1)
= O = (VD) 12+ (-1 =2
r(t) =(0,e"e") = r"(0)=(0,1,1).
r' (0) x 1 (0) = (2, —v/2,V2),
¥ (0) x ¥ (0)] = /22 + (—v2)* + (v®)*

=v8=2V2
Then « (0) = —|r’ (?2, ?0;‘/;(0” = 22# = %
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1 1
M) = —— o =~
2\/5, y 4 (.T)S/Q >
(z) = v ()] __1 1
1+ @)Y 4211+ 1/(4)]*
2
(4z + 1)3/2
2.y = cosz,y”’ = —sinz,
K (z) = ly" (=) _ |sin x|
1+ (v (x))2]3/2 (1 + cos? z)%/?
1 1
8.y ==, = ——
[L” Yy 1‘2’
@)= — W@ _|-1) 1
[T+ @ @) 1221 (1 +1/22)%2
_ 1 (IQ)S/Q . |z]
2 (:CQ + 1)3/2 - (1:2 + 1)3/2
e =l [(3) (2) - (61) (20)]
(&2 + %)% (94 + 412)3/2
_ 6t° B 6¢2
(£2)%/2 (912 + 4)*/2 |t (92 + 4)%/?
6
t] (92 4 4)%/2
2. k(1) = |20 =2

(@2 +y2)°/*
(sint + tcost) (—2sint — tcost)
— (2cost — tsint) (cost — tsint)
(32 +§2)°/?
(—2 sin?t — 3tsint cost — ¢2 cos? t)
— (2 cos?t — 3tcostsint + t2 sin? t)
(32 +§2)°/?
}— (sin2 t + cos? t) (2 + t2) |
.2 . 2 3/2
(sm t + 2tcostsint 4 cos“t )

+t%cos®t — 2tsintcost + t2sint

2+ t?
(1+1¢2)*?



