
1–2 |||| Plot the point whose cylindrical coordinates are given. Then
find the rectangular coordinates of the point.

1. 2.

3–8 |||| Change from rectangular to cylindrical coordinates.

3. 4.

5. 6.

7. 8.

9–11 |||| Change from spherical to rectangular coordinates.

9. 10.

11.
■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

�2, ��4, ��4�

�4, ��4, ��6��2, ��2, 3��4�

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

(�1, s3, 2)�4, 4, 4�

(�s2, s2, 0)(s3, 1, 4)

�1, 1, 1���1, 0, 0�

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

(s2, ��4, s2)�3, ��2, 1�

12–15 |||| Change from rectangular to spherical coordinates.

12. 13.

14. 15.

16–19 |||| Change from cylindrical to spherical coordinates.

16. 17.

18. 19.

20–23 |||| Write the equation (a) in cylindrical coordinates and 
(b) in spherical coordinates.

20. 21.

22. 23.
■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

x 2 � y 2 � 2zx � 2y � 3z � 6

x 2 � y 2 � z2 � 16x 2 � y 2 � z2 � 16

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

�12, �, 5��4, ��3, 4�

�1, ��2, 1�(s2, ��4, 0)

■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■   ■■

(�s3, �3, �2)(s3, 0, 1)

(1, 1, s2)��3, 0, 0�
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Answers

C l i ck  h e r e  f o r  s o l u t i o ns .SC l i c k  h e r e  f o r  ex er c i se s .E

1.

(0, 3, 1)

2.

(
1, 1,

√
2
)

3. (1, π, 0) 4.
(√

2, π

4
, 1
)

5.
(
2, π

6
, 4
)

6.
(
2, 3π

4
, 0
)

7.
(
4
√
2, π

4
, 4
)

8.
(
2, 2π

3
, 2
)

9.
(
0,
√
2,−

√
2
)

10.
(√

2,
√
2, 2

√
3
)

11.
(
1, 1,

√
2
)

12.
(
3, π, π

2

)

13.
(
2, π

4
, π

4

)
14.

(
2, 0, π

3

)

15.
(
4, 4π

3
, 2π

3

)
16.

(√
2, π

4
, π

2

)

17.
(√

2, π

2
, π

4

)
18.

(
4
√
2, π

3
, π

4

)

19.
(
13, π, cos−1

(
5

13

))

20. (a) r2 + z2 = 16

(b) ρ = 4

21. (a) r2 − z2 = 16

(b) ρ2
(
1− 2 cos2 φ

)
= 16

22. (a) r cos θ + 2r sin θ + 3z = 6

(b) ρ (sinφ cos θ + 2 sinφ sin θ + 3 cosφ) = 6

23. (a) r2 = 2z

(b) ρ sin2 φ = 2 cosφ
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Solutions

C l i ck  h e r e  f o r  a n s we r s .AC l i c k  h e r e  f o r  ex er c i se s .E

1.

x = 3cos π

2
= 0,

y = 3 sin π

2
= 3, and z = 1,

so the point is (0, 3, 1) in

rectangular coordinates.

2.

x =
√
2 cos π

4
= 1,

y =
√
2 sin π

4
= 1, z =

√
2,

so the point is
(
1, 1,

√
2
)
in

rectangular coordinates.

3. r2 = (−1)2 + (0)2 = 1 so r = 1; z = 0; tan θ = 0 so

θ = 0 or π. But x = −1 so θ = π and the point is (1, π, 0).

4. r2 = 12 + 12 = 2 or r =
√
2, tan θ = 1

1
so θ = π

4
and

z = 1. Thus in cylindrical coordinates the point is(√
2, π

4
, 1
)
.

5. r2 = 4 so r = 2, tan θ =
1√
3
so θ =

π

6
and z = 4. Thus

the point in cylindrical coordinates is
(
2, π

6
, 4
)
.

6. r2 = 4 so r = 2; tan θ =
√
2
/ (

−
√
2
)
= −1 and the point(

−
√
2,
√
2
)
is in the second quadrant of the xy-plane so

θ = 3π

4
; z = 0. The point is

(
2, 3π

4
, 0
)
.

7. r =
√
42 + 42 = 4

√
2; z = 4; tan θ = 4

4
, so θ = π

4
or

θ = 5π

4
, but both x and y are positive, so θ = π

4
and the point

is
(
4
√
2, π

4
, 4
)
.

8. r =
√
1 + 3 = 2; tan θ = −

√
3

1
, so θ = 2π

3
or θ = 5π

3
, but

x is negative and y is positive, so θ = 2π

3
and the point is(

2, 2π

3
, 2
)
.

9. x = 2 sin 3π

4
cos π

2
= 0, y = 2 sin 3π

4
sin π

2
=

√
2 and

z = 2 cos 3π

4
= −

√
2 so the point is

(
0,
√
2,−

√
2
)
.

10. x = 4 sin π

6
cos π

4
= 4

(
1

2

)
1√
2
=

√
2,

y = 4 sin π

6
sin π

4
=

√
2 and z = 4 cos π

6
= 4

(√
3

2

)
= 2

√
3

so the point is
(√

2,
√
2, 2

√
3
)
.

11. x = 2 sin π

4
cos π

4
= 1, y = 2 sin π

4
sin π

4
= 1 and

z = 2cos π

4
=

√
2 so the point is

(
1, 1,

√
2
)
in rectangular

coordinates.

12. ρ =
√
9 + 0 + 0 = 3, cosφ = 0

3
= 0 so φ = π

2
, and

cos θ =
−3

3 sin π

2

= −1 so θ = π, thus spherical coordinates

are
(
3, π, π

2

)
.

13. ρ =
√
1 + 1 + 2 = 2, cosφ =

√
2

2
so φ = π

4
, and

cos θ =
1

2 sin π

4

=
1√
2
so θ = π

4
, thus in spherical

coordinates the point is
(
2, π

4
, π

4

)
.

14. ρ =
√
3 + 1 = 2, cosφ = 1

2
so φ = π

3
, and

cos θ =

√
3

2 sin π

3

=

√
3 · 2

2 ·
√
3
= 1 so θ = 0, thus the point is

(
2, 0, π

3

)
in spherical coordinates.

Note: It is also apparent that θ = 0 since the point is in the

xz-plane and x > 0.

15. ρ =
√
3 + 9 + 4 = 4, cosφ = − 2

4
= − 1

2
so φ = 2π

3
, and

cos θ = −
√
3

4 sin 5π

6

= −
√
3 · 2

4 ·
√
3
= − 1

2
and y = −3 so

θ = 4π

3
. Thus in spherical coordinates the point is(

4, 4π

3
, 2π

3

)
.

16. ρ =
√

x2 + y2 + z2 =
√
r2 + z2 =

√
2 + 0 =

√
2; θ = π

4
;

z = ρ cosφ =
√
2 cosφ = 0 so φ = π

2
and the point is(√

2, π

4
, π

2

)
.

17. ρ =
√
r2 + z2 =

√
1 + 1 =

√
2, z = 1 =

√
2 cosφ, so

φ = π

4
, θ = π

2
and the point is

(√
2, π

2
, π

4

)
.

18. ρ =
√
r2 + z2 =

√
42 + 42 = 4

√
2; θ = π

3
;

z = 4 = 4
√
2 cosφ so cosφ = 1√

2
⇒ φ = π

4
and the

point is
(
4
√
2, π

3
, π

4

)
.

19. ρ =
√
r2 + z2 =

√
122 + 52 = 13, z = 5 = 13 cosφ, so

φ = cos−1
(

5

13

)
, θ = π and the point is

(
13, π, cos−1

(
5

13

))
.

20. (a) r2 = x2 + y2, so r2 + z2 = 16.

(b) ρ2 = x2 + y2 + z2, so ρ2 = 16 or ρ = 4.

21. (a) r2 − z2 = 16

(b) x2 + y2 − z2 = x2 + y2 + z2 − 2z2, so

ρ2 − 2ρ2 cos2 φ = 16 or ρ2
(
1− 2 cos2 φ

)
= 16.

22. (a) r cos θ + 2r sin θ + 3z = 6

(b) ρ sinφ cos θ + 2ρ sinφ sin θ + 3ρ cosφ = 6 or

ρ (sinφ cos θ + 2 sinφ sin θ + 3 cosφ) = 6.

23. (a) r2 = 2z

(b) ρ2 sin2 φ cos2 θ + ρ2 sin2 φ sin2 θ = 2ρ cosφ or

ρ2 sin2 φ = 2ρ cosφ or ρ sin2 φ = 2cosφ.
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