9.4 The Cross Product

SECTION 9.4 THE CROSS PRODUCT

B Click here for answers.

1-9 m Find the cross product a X b.

—

10.
11.

12.
13.

T e N S v s W N

a=<(101), b=(010)

.a=(2,40), b=(-316)
.a=(-234), b=(301)
.a=(12-3), b=(5-1-2)

a=i+j+k b=i+j—k

a=i+2j—-k, b=3i—-j+7k

.a=2i—k, b=i+2j
.a=(1,-10), b=(321)
.a=(-322), b=(631)

Ifa=(0,1,2)andb = (3,1,0),findaxX bandb X a.

Ifa=(-4,0,3),b= (2, -1,0),andc = (0, 2, 5), show
thata X (b X ¢c) #(aX b) Xc.

Find two unit vectors orthogonal to bothi + jandi —j + k.

Find the area of the parallelogram with vertices A0, 1), B(3, 0),
C(5, —2), and D(2, —1).

B Click here for solutions.

14. Find the area of the parallelogram with vertices P(0, 0, 0),
Q(5,0,0), R(2,6,6), and 57, 6, 6).

15-17 i (@) Find a vector orthogonal to the plane through the
points P, Q, and R, and (b) find the area of triangle PQR.

15. P(1,0, —-1), Q(2,4,5), R3,17)
16. P(0,0,0), Q(1,-1,1), R(4,37)

17. P(—4, -4, -4), Q0,5 -1), R(3,12)

18-19 i Find the volume of the parallelepiped determined by the
vectors a, b, and c.

18. a=(1,0,6), b=(23 -8), c= (8 —5,6)

19.a=2i+3] -2k, b=i—-j, c=2i+3k

20. Given the points P(1, 1, 1), Q(2, 0, 3), R(4, 1, 7), and
S3, —1, —2), find the volume of the parallelepiped with
adjacent edges PQ, PR, and PS.
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fAinswers

I3 Click here for exercises.

. —itk
. 24i — 12§ + 14k
. 3i+ 14j — 9k

. —Ti—13j— 11k
. —2i + 2

. 13i — 10j — 7k
. 21— j+4k

- W N

W

. —i—j+5k
. —4i + 15j — 21k
10. —2i + 6j — 3k, 2i — 6j + 3k

O 00 N o

Bl Clich here for solutions.

.1

. 4

5 (1,-1,-2)
. 30v/2
. (a) (26,4, —7) (b) 2741
. (a) (—10,—3,7) (b) 3158
. (a) (39, —3, —43) (b) 1v/3379
. 226

. 19
. 21



SECTION 9.4 THE CROSS PRODUCT 3
Solutions
I3 Clich here for exercises. B Click here for answers.
- Pk
't 01 11, |10 Y
l.L.axb=|101|= — i+ 8.axb=|1-10
10 00 01
010 3 21
=—i+k -1 0], 10,+1—1
Pk HEERIEEER R
2axb=| 240 =(-1-0)i—-(1-0)j+[2-(-3)]k
316 =—i—j+5k
a0l 20 - 24|
“liel 36731 .
ijk
= 24i — 12j + 14k 9. axb=|-32 2
ijk 6 3 1
3.axb=|-23 4 2 2 -3 2 -3 2
_ . . K
301 s1" | 61| 63
BEEINEEE j+‘—2 3], —(2-6)i—(—3-12)j+(-9—12)k
01 31 30 = —4i+ 15§ — 21k
= 3i+ 14j — 9k
i j ok ijk
faxb=11 2 -3 0.axb=|01 2
5 —1 =2 310
2 =3[, |1 -=3]. |1 2
_ . i+ K :12i702j+01k
-1 -2 5 —2 5 —1 10 30 31
= —7i—13j— 11k = —2i+6j—3k
bk Pk 10 30 31
S55.axb=|11 1 bxa=|310]|= i— j+ k
12 0 2 01
11 -1 01 2
! 1 1], |11 K =2i-6j+3k
1 211 =1 J 11 (and notice a x b = —b x a here, as we know is always true
= —2i+2j by Theorem 8.)
i j k .
b.axb=|1 2 -1 ok
3 .1 7 Il.ax(bxc)=ax|2 -1 0
0 25
2 -1, |1 -1 . Loz
= 1— — —
4 7 s 3t 4 . 10i_20j+2 .
25 05 0 2
=13i—10j — 7k
= a x (—5i — 10j + 4k)
Jj k i jk
T.axb=120 -1 ax(bxec)=|-4 0 3
12 0 -5 10 4
0 -1, |2 -1]. |20 B _
=1, ol oty Lk _ 03| 43J_+40
—10 4 5 4 -5 —10
=2i—j+4k

= 30i +j + 40k
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ik
(axb)xc=|—-4 0 3|xc
2 -1 0
08 |-as] |- o0
= 1—
10 20| 2 -1
= (3i+6j+4Kk) x ¢
ijk
bxo—|3 6 4 64l [34] |36
a X X Cc)= = 1—
2 5 05770 2
025
— 92§ — 15§ + 6k

Thusa x (b X ¢) # (ax b) x c.

. We know that the cross product of two vectors is orthogonal
to both. So we calculate
i jk
LoLol| roli ol [ro1),
RN el R A R
1 -11
=i—-j—2k

Thus, two unit vectors orthogonal to both are
:I:% (1,—1,—2), that is, <%7_%7_%> and

a2
VARVERVPA

. We know that the area of the parallelogram determined by

two vectors is equal to the length of the cross product of these
vectors. The vectors corresponding to AB and AD are
a=(3,—1,0) and b = (2, —2,0), so the area of
parallelogram ABCD is

i jk
laxb|=|3 -1 0
2 -2 0

=[0)i—-(0)j+ (-6+2)k|=|-4k| =4

—_ —
. PQ = (5,0,0) and PR = (2,6, 6), so the area of

parallelogram PQRS is

ijk

500

266

=(0)i— (30)j + (30) k| = |—30j + 30K]|

= 30V2

PG < PR| =

. (a) P—Cj = (1,4,6) and PR = (2,1, 8), so a vector

orthogonal to the plane through P, @, and R is

—_— =

PQxPR={(4-8—6-1,6-2—1-8,1-1—4-2)

= (26,4, —7) (or any scalar multiple thereof).

(b) The area of the parallelogram determined by P.Q) and PR

is

—_— —
‘PQ x PR‘ = [(26,4, —7)| = /676 T 16 + 49
=741
so the area of triangle PQR is %\/ 741.

16.

17.

20.

(a) P—Q> =(1,-1,1) and PR = (4,3,7), so a vector
orthogonal to the plane through P, @), and R is
—_— =
PQ x PR
=((-1)-7=1-3,1-4—1-7,1-3—(=1)-4)
= (=10, —3,7) (or any scalar multiple thereof).
(b) The area of the parallelogram determined by P—Q> and P—R>
is
— —
’PQ x PR’ = (=10, -3,7)| = /T00 + 9 + 49
= /158
so the area of triangle PQR is %\/ 158.
(a) PQ = (4,9,3) and PR = (7,5,6) =
—_— =
PQxPR=(9-6—-3-53-7T—4-6,4-5—-9-7)
= (39, —3,—-43)

_— =
(b) ’PQ x PR’ — /I521 79 1 1849 = /3379, so the
area of the triangle is 3+/3379.

. We know that the volume of the parallelepiped determined by

a, b and c is the magnitude of their scalar triple product,

which is
1 0 6
a-(bxec)=]2 3 -8
8 -5 6
3 -8 2 3
=1 56 —-0+6 8 _&

= (18 — 40) + 6 (—10 — 24) = —226
Thus the volume of the parallelepiped is
|—226| = 226 cubic units.

2 3 -2
.a-(bxc)=|1 -1 0
2 0 3
-10 10 1 -1
=2 ~3 (—2)
03 23 2 0

=—6-9-4=-19
So the volume of the parallelepiped determined by a, b and ¢
is |—19| = 19 cubic units.

— —_—
a=PQ=(1,-1,2),b=PR=(3,0,6) and
—

c=PS=(2-2-3).

1 -1 2
a-(bxc)=|3 0 6

2 -2 -3

0 6 3 6 3 0
-1 (1)
-2 -3 2 -3 2 =2

=12-21-12=-21
so the volume of the parallelepiped is 21 cubic units.



