9.3 The Dof Product
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B Click here for answers.

1-7 m Finda - b.

l.a=(2,5), b=(-31)
.a=(-2-8), b=(6-4)
.a=(4,7,-1), b=(-21,4)

2
3
4 a=(-1,-2-3), b=(28 —6)
5.a=2 +3)—4k, b=1i-3] +k
b.a=i—k b=i+2j

7

. |lal =2, |b|=3, theanglebetweenaandb isw/3

8-13 i Find the angle between the vectors. (First find an exact
expression and then approximate to the nearest degree.)

8. a=(1,22), b=(340)
9.a=(6,02), b=(53 -2)

10. a=(1,2), b= (12, -5)

1. a=(3,1), b=(24)
12a=6i —2j —3k, b=i+j+k
13.a=i+j+2k b=2j-3k

14-15 1 Find, correct to the nearest degree, the three angles of the
triangle with the given vertices.

14. A(1,2,3), B(6,1,5, C(—-1,-20)
15. P(0, -1,6), Q(2,1,-3), R(5,4,2

B Click here for solutions.

16-21 1 Determine whether the given vectors are orthogonal,
parallel, or neither.

16. a=(2,-4), b=(-1,2)

17. a= (2, —4), b=(472)

18. a=(2,8,-3), b=(-1,25)
19.a=(-1,572), b=(42 -3)

2. a=3i+j -k b=i-j+2k
2. a= —i + 2] + 5k, b=3i+4j-k

22. Find the values of x such that the vectors ( —3x, 2x) and (4, x)
are orthogonal.

23. For what values of c is the angle between the vectors (1, 2, 1)
and (1, 0, c) equal to 60°?

24-28 1 Find the direction cosines and direction angles of the
vector. (Give the direction angles correct to the nearest degree.)
24. (1,2,2) 25. (—4,-1,2)

26. —8i + 3j + 2k 27. 3i + 5] — 4k

28. (2,1.2,08)

29-30 w1 Find the scalar and vector projections of b onto a.
2. a=(2,3), b=(41)
30. a=(3,-1), b=(273)
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SECTION 9.3 THE DOT PRODUCT
Answers
I3 Clich here for exercises. B Click here for solutions.
1. —1 16. Parallel
2. 20 17. Orthogonal
3. -5 18. Neither
4.0 19. Orthogonal
5. —11 20. Orthogonal
6. 1 21. Orthogonal
7.3 22. 0,6
8. cos™! (1) m43° 23. 24+ \/3
—1( 13 \ . 4q0 2. L 2 2.71° 48° 48°
9. cos (2\/%) ~ 48 3’ ?;
. ) A 25. _\/T’_\/__ \/—— 151°,103°, 64
10. cos (13\/3) ~ 86 N 5
oy ) 26. — 7 o \/—— 156°,70°, 77
1. cos (7) =45 27, s, L i 65°,45%,124°
-1(_1 ~ o 5 _3 2 . o o o
12, cos (7\/5) 85 2 £, L 2:36°61° 71
_ o a1 /22 33
13. cos™! (_J%) ~ 117 . \}11_3 (5.33)
14. 114°, 33°, 33° 30. 5 (16> —16)

15. 43°, 58°, 79°




Solufions

SECTION 9.3 THE DOT PRODUCT

I3 Click here for exercises.

. |a| = VIZ+22 122 = 3, |b|

Ja|=v36+4+9=7,|b| =

LJal=vI+I+4=16|b|=

a-b=(2)(-3)+((5)1)=-1
a-b=(-2)(6)+(—8)(—4) =20
a-b=(4)(-2)+(7)(1)+(-1)(4) =-5
a-b=(-1)(2)+(-2)(8) +(-3)(-6) =0
a-b=(2)(1)+@)(=3)+(-41)=-11
a-b=(1)(1)+(0)(2)+(-1)(0) =1
a-b=(2)(3)cosz =6-1=3

=V +42+02 =5,
a-b=3+8+0=11,cos60 = 2%

3=, SO
H(R) ~ 43

6 = cos™

. la] = V62 +02 + 22 = 21/10,

Ib| = /52 + 3% + (-2)* = V/38,

a-b:30+0+(74):26,c059:ﬁ,so
_ -1 ~ )

6 = cos (T) 48°.

. |al = VIZ 422 = /5, |b| = 1/122 + (=5)® = V13,
a-b:12710=2,c050:w,s0

— -1 o

0 = cos <13\/—)~86

. la] = V32 +12 = V10, |b| = V22 + 4% = /5,

— _ _ _ 2
a-b=06+4=10,cos0 = =% = * and
0 = cos™* (g) = 45°.

cos@ = 7—\1/5, $060 = cos™! (7—\1@) ~ 85°.

VIS = VI3,

a-b=0+2-6=—4, cose—fﬁ,so
_ —1 o
6 = cos <—7)~117
B
BA BC
AEL o e

Let a, b and c be the angles at vertices A, B and C

respectively. Then a is the angle between vectors AB and

— — — .
AC, b is the angle between vectors BA and BC/, and c is the

— —
angle between vectors C A and C'B.

V3,a-b=6-2-3=1,

N Clich here for answers.

17.

Thus

cosa = |;‘-§”§| = 3(}_29 (5,—-1,2) - (=2, -4, —3)
= 755 (10+4-6) =~

and a = cos™! (—\/%) ~ 114°. Similarly

cosb = |§|'|§g| = L= (5,-1,2) - (~7,-3,-5)
= A (35-3+10) = 22

sob = cos™! (\/%) ~ 33°, and

cosc = %"Efg' = L (2,4,3)-(7,3,5)

= \/240 (14 +12+15) = \/sim

_ -1 41 o 990
SO ¢ = cos (W)NP)S.

Alternate Solution: Apply the Law of Cosines three times

|BE| —|4B|* - |Aac]
as follows: cosa = s
2|AB||AC|
-2 — 2 —2
cosb = [ac|” - |4B|” — |BC| , and

2|AB||BC|
*—|ac] - |Be)?

|AB|
cosc = L
2|AC||BC|

. As in Problem 14, let p, ¢ and 7 be the angles at vertices P,

@ and R. Then p is the angle between vectors P—Cj and P—]%,

q is the angle between vectors Q—fD and Q—R: and r is the
— —

angle between vectors RP and R(). Thus

_ PQ-PR _ (2,2,-9)-(55-4) _ _ 56
COSP = TRG[PR| V85 /66 = Tssra’ 5°
_ -1 56 ~ o,
p = cos (\/M) ~ 43°%;
cosq = QL-QR _ (-2.-29) (335) _ _33
|QP||QE| V89 /43 /3827
_ —1 33 ~ o,
S0 ¢ = cos (\/W) ~ 58%; and
_ RP-RQ _ (=5,-5,4)-(=3,-3,=5) _ 10
COST = TRP[[RG] — V66 V43 = Tosss 50
_ -1 10 ~ o
r = cos (m) ~ T9°.

Alternate Solution: Apply the Law of Cosines three times
QR|’ - |P3|” —|PR|”
2|PQ|| PR ’

as follows: cosp = |
|PR|” - PG| — |oR[*
2[Pdl[QA]
|Pel* - [PR[” -
L

2| PR||QR|

, and

cosq =

el

COST —

. Since a = —2b, a and b are parallel vectors (and thus not

orthogonal).

a-b =8+ (—8) =0, so aand b are orthogonal (and not
parallel).
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.a-b=—-2+16+ (—15) # 0, so aand b are not

orthogonal. Also since a is not a scalar multiple of b, a and
b are not parallel.

.a-b=—-4410+ (—6) = 0, so a and b are orthogonal

(and not parallel).

a-b=3+(—1)+ (—2) = 0, so aand b are orthogonal.

a-b=(-1)(3)+(2)(4)+ (5)(—1) =0,so aand b are
orthogonal (and not parallel).

For the two vectors to be orthogonal, we need
(=3z,2z) - (4,2) =0 < (=3z)(4)+ (22)(z)=0
& —120+22°=0 & 22(x—6)=0 & 2=0

orx = 6.

Using Theorem 3, we need

(1,2,1) - (1,0,¢) = [(1,2,1)| [{1,0,c)| cos 60° <
l+e=v6Vi+eZ-i & 2(14+¢)=v6VI+
Squaring both sides gives 6 (1 + ¢*) =4 (14 2c+ ¢?).
Thus 6 + 6¢* = 4 + 8¢ + 4¢? or 2¢ — 8¢ + 2 = 0 and

= ‘/16— = 2 = /3. Each of these values for c can be
checked to show it gives a solution.

CcC =

Since |(1,2,2)] =
have cosa =

1
3>
o = Cos (%)

V14+444=3, using (8) and (9) we
cosfB =
71° andﬁ ~ = cos S (2) ~ 48°.

Z and cosy = = Whlle

[(—4,-1,2)| = V16 +1+4 = /21,50
cosa = f\/%, cos B = f\/% and cosy = \/%,While
o = cos™! (J—%) ~ 151°, B = cos ™! (J—z%) ~ 103° and

v =cos! (\/%) ~ 64°.

26.

27.

28.

29.

30.

|—8i+3j+2k| = 64+ 9+ 4 = /77, s0

cosa = —\/87—7,(3055 \/—andcos'y— \/— while

a = cos™! (\7—%) ~ 156°, 8 = cos ! (ﬁ) ~ 70° and
v =cos ! (\/%) ~TTC.

13 + 5 — 4k| = v/9+ 25 + 16 = 5v/2, s0

coso = 5—32 cosff = % and cosy = 5\/§,Whlle

a = cos 1 (%) ~ 65°, 8 = cos™! (%) = 45° and
v =cos™! (ﬁ) ~ 124°

= \/%, while ov = cos™* (\/%) ~ 36°,
B8 =cos™! (\/%) ~ 61° and y = cos ! (\/%) ~ 71°.
|a] = v/4 +9 = +/13. The scalar projection of b onto a is

a-b 2-443-1 11
|al V13 V13

The vector projection of b onto a is

comp, b =

proj b = —e = J - o (2.3 = 8 (2.9
o 13)
l]a] = v/9 F 1 = +/10. The scalar projection of b onto a is
comp, b — a-b 3 2—-1-3 _ i
® || V10 V10

The vector projection of b onto a is

_1>: 3

10

; 3 a 3 1
proj, b = Ji5Jal ~ VIO VI (3, (3,-1)

= (15> —10)



