8.7 Taylor and Maclaurin Series

SECTION 8.7 TAYLOR AND MACLAURIN SERIES

B Click here for answers.

1-2 m Find the Maclaurin series for f (x) using the definition of
aMaclaurin series. [Assume that f has a power series expansion.
Do not show that R,(x) — 0.] Also find the associated radius of
convergence.

1 2. f(x) =

1. f(x):7(1+x)2 1

3-6 1 Find the Taylor series for f(x) centered at the given value
of a. [Assume that f has a power series expansion. Do not show
that Ry(x) — 0.]

. fx)=1/x, a=1

5. f(x) =sinx, a=n/4

4, f(x) =

6. f(X) = cosx,

VX a=4

a=—w/4

7-13 1 Use aMaclaurin series derived in this section to obtain the
Maclaurin series for the given function.

7. f(x) = e* 8. f(X) =sin2x
9. f(x) = x?cosx 10. f(x) = cos(x®)
11. f(x) = xsin(x/2) 12. f(x) = xe™
1-—cosx .
B of—{ x2 Tx#0
: if x=0

{9 14-15 w1 Find the Maclaurin series of f (by any method) and its

radius of convergence. Graph f and itsfirst few Taylor polynomials
on the same screen. What do you notice about the relationship
between these polynomials and f?

14. f(x) = 1/y1+ 2x 15. f(x)=(1+ x°°

B Click here for solutions.

16. Find the Maclaurin series for In(1 + x) and use it to calculate
In 1.1 correct to five decimal places.

17-18 mn Evaluate the indefinite integral as an infinite series.
17. [ sinx?) dx 18. [ e’

19-20 mn Use series to approximate the definite integral correct to
three decimal places.

19. f: sin(x?) dx 20. fo‘”’ cos(x?) dx

21. Use multiplication or division of power series to find the first
three nonzero terms in the Maclaurin series for

_In(1—x)
-

22-24 w1 Find the sum of the series.

% X3n+1 n+l
22 23.

n=2 n! HEO ( + 1)'

]

25. Show that e* > 1 + xforal x > 0.
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fAinswers

I3 Click here for exercises.
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Bl Clich here for solutions.
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16. 0.09531
( 1)77. m4n+3
17. C —_—
Jrz (4n+3) (2n+ 1)!
3n+1
18. B
o+ Z (3n+1)n!
19. 0.310
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Solufions
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I3 Click here for exercises.

n F (@) 7 (0)
0 (1+2)7? 1
1 —2(1+a2)7° -2
2 2-3(1+z)* 2-3
3 | -2-3-41+2)° | —2-3-4
4 |2-3-4.51+2)%]2-3.4-5
SOf(”’( )= (=1)"(n+1)!and
i( " n—l—l) o
n=0
= 3 (-)" (4 1)a”
Ifa, = (-1)" (n+ 1) z", then nlLrI;o dntt) ||, so
R=1. "
2
n F™ () £ (0)
0 z/(1—1x) 0
1 (1—z)? 1
2 21—2)? 2
3 3-2(1—a)* 3-2
4 [4-3.2(1—2)"°| 4-3-2

™) = n' except when n =0, so

lfx Z anlg%o —antl = |z| < 1 for
n= 1
convergence, so R = 1.
3.
n £ () £ ()
0 x 1 1
1 —x 72 -1
2 2273 2
3 | —3.227% -3.2
4 | 4-3-2¢7%| 4-3-2
So f(”) (—1)' n!, and
- = Z (z—1)" =) ()" (z—1)"If
n=0
an = (—=1)" (z — 1)" then lim % = |z —1| <1 for

convergence, s0 0 < x < 2and R = 1.

N Clich here for answers.

4.
n ] @ [ M@
0 z/? 2
—1/2 —2
. i ; 2 ’ 5
1 - —
2 | —327% -2
3 | ga7o? 3.278
4 | =Ly 15271
n—1
™ (4) = D" 1 3235_1 (2n = 3) forn > 2, so
4 X (=D)""'1-3-5---- (2n —3) "
VE=24 754 S (e 1)
n=2
. |ang |z — 4] .. 2n — 1 |z — 4]
1 == "] = 1
nl—><>o an 8 nl—»rgo < n+1 4 <

for convergence, so |z —4| <4 = R=4.

5.
n | @) | 1 (F)
0 sinx V2/2
1 cosx V2/2
2 —sinz —/2/2
3 —cosz | —/2/2
4 sinz V2/2
jus ! (T jus f” I us
sine =1 (2)+ £ () (0- 1) + L o - 52
F® (= _ FO(z _
AT YR A L
= F -5 - d -9

+(2n}kl)' (z - Z)Znﬂ}

The series can also be written in the more elegant form

\/5 [e ) (_1)n(n—1)/2 (1: oz
=2

)7L
sinx = 4’ If
n!

n=0

1 n(n—1)/2 _ m\"
an = ( ) (3} 4) , then
n!

—:lim’ — i

n—oo N

=0 < 1 forall x, so
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f" (@) |

—~

-%)

COos

—sinz

BwWw N = O3

COos

— COS T -

sinx —

PR

SISl of

f(n) (_%) _ (_1)n(n71)/2 @5 so

o f(n) (_m
cosr = Z—f (-%) (m+1)n

—= n!
R R CR O
- 7% n!

with R = oo by the Ratio Test (as in Problem 5).

32 = (32)" o= 3"2"
7. e’ = Z oy = Z T, with
n=0 n=0

8. sin2x = i (=" (2$)2n+1 = i

R = oo.

(71)71 22n+1x2n+1

—  (2n+1) o (2n + 1)!
R =00
g o= (—=1)" z>" > 1) g2 t+2
9. x°cosx = Z:O( (2)n)' —Z_‘;( ()2n)!
R =00
, o (_1)n 23 2n (1) 67
10. cos (z°) = ;) (275)| ) = Z::o ( (2)71;

11. zsin (g) :ii M

(2n+1)!

_ i (_l)n m2n+2

(2n + 1)1227 11

with R = oo.

R D= Sl s

n!

|
8

A (2n +2)!

since the series is equal to % when z = 0; R = oo.

14.
n F (x) £ (0)
0 (14 2z)~ /2 1
1 ~La+20)7%(2) -1
2 3(1422)7%2(2) 3
3 | -3-51+22)""%(2) | -3-5

> r(n)
(142z)" Y% = Z 0 z"
— nl

o]

n!
n=0
n .2 1
lim |2 | = fim 22 |z| = 2|z| < 1 for
n—oo | Qn n—oo n + 1

convergence, So R= %

Z(_])”1.3.5 ..... (271_1)3:”

Another method: Use Exercise 33 from the text and

differentiate.
T T, Ts f 4
R N
T,
T
T,
-1 ‘::“ - 1
. AN
-0.5
_ 1d7T 1
5. f@)=(14+2) =2+ | —3
P = et =g [
1d [ n " from
2 L;O(*l) (n+Dw } {Problem 1]
1 (oo
=3 S ) e
n=1
i (D" (n+1)(n+2)z"”
- 2
n=0
with R = 1 since that is the R in Problem 1.
f 10
~
T,
T,
T,
1
S n
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-5 T3



16.

20.

. /emsdm:/i (x;)” =

ln(1—|—:r):/ de_ _ i (-1)"z™dx

1+$ n=0
_C+Z

withC' =0and R = 1,s01n(1.1)

This is an alternating series with

(0.1)°

bs = = 0.000002, so to five decimal places,

)~ sy EUTOD" G osa

($2) 2n+1

/Z(_l)" @™
B e (_1)71 x4n+2
_/Z Gy @

C (_l)nx4n+3

< (4n+3) 2n + 1)!

n

e 3n+1
ith
g 3n+1)n! e

R = oo.

. Using our series from Problem 17, we get

1 ) 5 _ 0 (—1)”1‘4n+3 1
/O sin (27) dz *HZ:O [(4n+3) (2714-1)!}0
N (=n"
“ L @iy

and |c3| = < 0.000014, so by the

75 600
Alternating Series Estimation Theorem, we have
2

(=" 11 1
P S A—— [ 1
2(471—1—3)(271—&-1)! 3 42+1320 0-310
(correct to three decimal places).

cos (z%) = Z %, SO

n=0

0.5)°
but (9 ZL ~ 0.000009, so by the

Alternating Series Estimation Theorem,

0.5 (0.5)°
fO cos ( ) 5.9!
decimal places).

~ 0.497 (correct to three

21.

22.

23.

24,

25.
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1,..2 1,.3
1,.2 1,.3 1,.2 1,.3
1—|—x+§x +3x° 4 | —r— g2t — o0 —
2 1,.3
—r— T — 5.23 —
1,.2 1,.3
1,..2 1,.3
1,.3
——3.’L' +--
1,.3
3 o

From Example 6 in Section 11.9, we have

In(l—2)=-z—32° — 22® — -, |2| < 1. Therefore,
L1213 .,
_In(-e) o ar a7 . So by the
er l4+z+ 322+ 323 +---
In(1-—2x) 2?2 a2
long d bove, ——— % — 42 L .
ong division above, pe T+ 3 +ee,
|z < 1.
= S (&)
nl =) T > YR
n=2 n=2 n=0
:x(e”‘s—l—ms)by(ll)
i ! £+m2+x_3+
e nt Dl 123
2 3
*(l-‘r +2!+§+ )—1
=e* —1by(11)
e " e (@2 2 (x/2)"
7;)2"(714-1)!7nZ:0(n+1)!7:r7;)(n+1)!
2 (@/2)* | (z/2)°
=2 |(z/2
x{(x/)—!— o + 3l +
2
— 2 (e%/2 _
=2 (=)
2 25 gt
By (11), e” —1+x+—+§+—+ , but for z > 0,

all of the terms after the first two on the RHS are positive, so
e’ >1+xzforz > 0.



