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8.3 The Integral and Comparison Tests; Estimaing Sums

B Click here for answers.
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Solufions

I Clich here for exercises. I Click here for answers.
1. 1 + 1 + 1 + 1 o= 3 1 . 9. f(z) = is positive, continuous, and decreasing on
3 7 11 15 — dn—1 2-1
1 "= [2, 00), so applying the Integral Test,
The function f (z) = is positive, continuous, and ©  dr > /1/2 1/2
4 —1 / 5 = / <— —> dx
decreasing on [1, 00), so the Integral Test applies. 2 271 2 z+l z-1

*  dx b dx b N 1/2]¢
—— = i = lim [LIn (42 —1 — z—1 —
/1 4z —1 bggo/l 4 —1 bLIIolo[4 n (4z )]1 tlirgo[ln(x_Fl) } =lnv3 =
2

= lim [§In(4b—1)—3In3] =occ oo
b—oo
so the improper integral diverges, and so does the series. z—:z nZ _1 converges.

2. 32 0 (1/n" %) is a p-series, p = 1.0001 > 1, so it
converges. 10. f(z) = ze~*" is continuous and positive on [1, o), and

3.3 n %% =3 (1/n°) which diverges since since f' (z) = e~ (1-22°) <Oforz > 1, fis
p=0.99 < 1. decreasing as well. Thus, we can use the Integral Test:

0 o) 22 . 22 t _ 1

4. ZI 31 =2 21 nll/s,which is a p-series, p = % < 1,s0it floo ze " dr = tlggo [—%e ‘ L =v- (—%e 1) = %
g;/erges " Since the integral converges, the series converges.

5. Z (L _3> -9 Z 3/2 +3 Z — both of 11. f(z) = = is positive and continuous on [1, 00), and since
n=1 mnm n=1 , —zln2 1 .
which are convergent p-series because 2 5>1land3 > 1,50 () = T < 0 when z > o ~ 144, fis

i 2 3 eventually decreasing, so we can apply the Integral Test.
Z ——= + — | converges by Theorem 8 in .
— n\/ﬁ n Integrating by parts, we get
. oo t
Section 11.2. / i,dx ~ lim 1 { z 1 }
o 1 o 1 1 2 t—oo ln 2 2= ln 2

6. = — isap-series,p =2 > 1,s0it
2 Gy 2 e _ L, 1
converges. 2In2  2(In2)?

1 . o . t > n

7. = t t d — = ’ ital’ —
f(z) %13 is positive, continuous, an since tlir?o o = 0 by I’Hospital’s Rule, and so Z:l on
decreasing on [1, 00), so applying the Integral Test, converges. "=

o dx . [1 ¢
h 2x+3—tlg§o[§ln(2x+3)}l—oo = 1 . . .
- 12. f(z) = s continuous, positive and
Z 13 is divergent. decreasing on [1, 00), so applying the Integral Test,
n=t ) /°° dr - {arctan%‘y _ 7 arctan?2 ‘o
8. Since is continuous, positive, and decreasing on 1 42+l oo 2 1 4 2 '
Ve so the series converges.
[0, 00) we can apply the Integral Test.
/ \/— 1 —=——dz = hm [2vz —2In (VZ + 1)} 13 f(z) = aicjrif is continuous and positive on [1, c0).
[using the substitution u = \/z + 1, so dz = 2 (u — 1) du] ' (z) = 1 —2zarctanx < Oforz > 1, since
= lim ([2vt—2In(Vt+1)] — (2—2In2)) (1422)°
e i 2rarctanx > 5 > 1forx > 1. So f is decreasing and we
Now 2v/¢ — 21n (\/17/ + 1) =2In ° and so can use the Integral Test.
. . / AT dr = lim [$ (arctan x)z]t
Jim [2v/t — 2In (vt + 1)] = oo (using I’Hospital’s Rule) 1 1+a2 t—o0 12 1
[— OO
so both the integral and the original series diverge. _(n/ 2)2 B (m/ 4)2 _ ﬁ
2 2 32

so the series converges.



4

14.

20.

21.

- f (@) =

'4"+5 4n

SECTION 8.3 THE INTEGRAL AND COMPARISON TESTS; ESTIMATING SUMS

Inz . . ..
f(z)= —- is continuous and positive for 2 > 2, and
z

2lnz

£ @) =

< 0 forx > 2, so f is decreasing.

1 1 17"
/ n—fdx: lim {—2 — —} (by parts) L. Thus,
s T t—o0 x x

2

Inn = Inn

— = Z —5- converges by the Integral Test.

n=1 n n=2 n

1

22 +2x 42
20+ 2 .

and f' (z) = *Lz <Oforz >1,s0 fis

(22 422 +2)

decreasing and we can use the Integral Test.

bt 1 i 1
[ [
;. x?2+2x+2 1 (z+ 1% +1

= tlim [arctan (z + 1)]}

is continuous and positive on [1, c0),

= % —arctan2

so the series converges as well.

1 1 . .
< — since n® +n? > n? for all n, and since

"W+ o nd

oo

1 > 1
— is a convergent p-series (p = 3 > 1), _
2231 — gent p (v ) 2 e

converges also by the Comparison Test.

3 3 and Z 43 converges (geometric with

n=1

1 . G
|r| = i < 1) so by the Comparison Test, ; 4n—::_5

converges also.
3 3
n2n 2_ zz:

1
r| = = < 1, and hence converges, so —— converges
Il =3 ges. 50 ) | — g

is a geometric series with

le

also, by the Comparison Test.

1 1 x 1 .. . .
N > NG and nzzjz NG diverges (p-series with
p= 1 1)so Y ! diverges by the Comparison

2 n=2 V1 — 1
Test.
145" n "> "o
Zf > 451_" = (g) . ngo (Z) is a divergent
geometric series (|r| = = > 1)so Y diverges by
the Comparison Test.
sin“n 1 1 =1
o~ < m =3 and Z 33 converges

n=1

converges by the Comparison

p== >1)soz

Test.

22.

23.

24,

25.

26.

27.

28.

w

i ni i ni 1S a convergent

oo
p-series (p =2 > 1) so Z

w3 <
converges by the

Comparison Test.

1 ! ! and since
Jn-on-n n3?

g > 1), so does

Z by the Comparison Test.
s vn(n+ 1) (n+2)

Use the Limit Comparison Test with

1 1
an = and b, = —.
Yn(n+1)(n+2) n
. Qn . n
lim — = lim
n—oo Op n— oo 3/n(n+1)(n+2)
. 1
n—oo \/1 +1/n)(1+2/n)
=1>0

So since E — dlverges so does E

= =Y+ +2)

oo
(n +”1) on < gn nd nzl 5, is a convergent geometric
series (|r| = 3 < 1), s0 Z — converges by the
n=1

Comparison Test.

3+ cosn

4
3 < 30 since cos n < 1. Z — is a geometric

series with |r| =

i 3 —|—3(;os n

n=1
1 . =1
ann_ 5 > % = g <E) and since gz:: - diverges

(harmonic series) so does Z 2?—

g < 1 so it converges, and so

converges by the Comparison Test.

by the Comparison

5
Test.
n 1 i 1 . t
\/W \/_ = 2 is a convergen

n=1
. 3 > n
-series (p = = > 1) so ———— converges by the
p-series (p = § > 1) ; o e by

Comparison Test.
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arctann 7r/2

(oo}
1
7 o~ and gg —- converges (p =4 > 1) so
n n

oo

arctann .

E ———— converges by the Comparison Test.
n

n=1

Use the Limit Comparison Test with a,, =

1 an n?
by, = — lim — = lim
n n—oo Op,

4:1>O.Since2bn

n—oo n2 n=3

1 also converges.

1
converges (p = 2 > 1), Z e
n=3

2
1
Let a, = nt
n

1
4+1 andbn = ﬁ Then
. an nt 4+ n?
lim — = lim ———

n—oo Op n—oo ’rL4 —|—1

=1>0. SinceZ—lsa

n=1

2

convergent p-series (p = 2 > 1), so is Z by the

Limit Comparison Test.

32.

33.

1 1
Let a, = n+l and b, = —. Then
n2m 2n
lim & — lim ntl =1>0. SmceZ—lsa
n—oo by, n— oo

convergent geometric series (|| =

< b, Z nn_;ll

converges by the Limit Comparison Test.

. . . n? —3n
Use the Limit Comparison Test with a, = 5 ———= and
nl0 — 4n?
1
lim = = lim Culit A im L —3/n
n—oo Op T nSoo 8 nl0 — 4n2 T s ,3/1 — 4n—8
=1>0
o0
so since Y b, converges (p = > 1), so does
n=1
i n? - 3n
— /n10 — 4n?
n=1





