8.2 Series
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B Click here for answers.

[ 1-5 m Find at least 10 partial sums of the series. Graph both the

sequence of terms and the sequence of partial sums on the same
screen. Does it appear that the series is convergent or divergent?
If it is convergent, find the sum. If it is divergent, explain why.

.Y I 2. > sinn
n=1 n=1
3. Y " 4. E

6-33 11 Determine whether the series is convergent or divergent.
If it is convergent, find its sum.

b. 4+ 2+ R+ 5+ 1.1-3+5-%+-
8. 1—-5+i—5+ - 9.5-2+2 -2+
10 S5 +5—1+9— -
1 1 1 1
1 1 1 6 S 1
1. 5+ 5+ +m+ - 13. Y =
n=1 €
% % 4n+1
14. Y 3ngmt 15 Y —
n—1 o 5
o 3 n—1 . en
16. X <> 17. Y 5<)
n=1 w n=1 3
18 is—n 19 i(—l)”‘1 3”
. = 8” = 23n+1
S 1 - 1
20. — 21.
21 2n Sin(n + 2)
ad < n
22 2(0.1)" + (0.2 2. ) ——=
2 [201" + (027] 2

B Click here for solutions.

2. z (231 + 331> 2. ﬁ
2 < ) 2. élzmzil_l
w3 s <>—sn<nil>}
31. nglln — 32, =1m
3. ézln ”zn; L

34-38 1 Express the number as aratio of integers.
34. 0.5 = 0.5555. ..
35. 0.15 = 0.15151515. ..

36. 0.307 = 0.307307307307 . . .
37. 1.123
38. 4.1570

39-43 i Find the values of x for which the series converges. Find
the sum of the series for those values of x.

39, 3 3% 0. 3 L
n=0 n=2
. > 1
M. Y 2sinx 2.3 —
n=0 n=0 X
43. Y tan"x
n=0



2 SECTION 8.2 SERIES

fAinswers

I3 Click here for exercises.

1. 3.33333, 4.44444,
4.81481, 4.93827,
4.97942, 4.99314,
4.99771, 4.99924,
4.99975, 4.99992

Convergent, sum = 5

2. 0.8415, 1.7508,
1.8919, 1.1351,
0.1762, —0.1033,
0.5537, 1.5431,
1.9552,1.4112
Divergent (terms do not

approach 0)

3. 0.50000, 1.16667,
1.91667, 2.71667,
3.55000, 4.40714,
5.28214, 6.17103,
7.07103, 7.98012
Divergent (terms do not

approach 0)

4. 0.25000, 0.40000,
0.50000, 0.57143,
0.62500, 0.66667,
0.70000, 0.72727,
0.75000, 0.76923
Convergent, sum = 1

5. 1.000000, 0.714286,
0.795918, 0.772595,
0.779259, 0.777355,
0.777899, 0.777743,
0.777788,0.777775

Convergent, sum = £

" qa)

100

. {4}

-0.5

Bl Clich here for solutions.

6. ? 7. Divergent
1 .
9. 3 10. Divergent
12. Divergent 13 L
. g o
15. 20 16. —
™+ 3
8 .
18. 3 19. Divergent
3 17
21. — 22. —
4 36
24. 5 25. Divergent
1 .
27. 3 28. Divergent
30. sin1 31. Divergent
33. Ini 34. =
307 556
36. — 37. —
999 495
1
1 1.
39. —3 <z <3; m
2
T
40. — ;T
5 <z <5 % _5a

41. nm — & < x < nm+ % (n any integer); 7

x
42. 1, ——
ol > Tx—1

43. nm — 7 <z < nrm + 7 (n any integer); T

20. Divergent

23. Divergent

26. Divergent

1
29. -

— 2sinx

—tanz
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3.33333
4.44444
4.81481
4.93827
4.97942
4.99314
4.99771
4.99924
4.99975
4.99992
4.99997
4.99999

© 0 N O Ut W NS

—_ = =
N = O

0.8415
1.7508
1.8919
1.1351
0.1762
—0.1033
0.5537
1.5431
1.9552
1.4112
0.4112
—0.1254

3

Sn

© 00 g O U W N

[y
o

0.50000
1.16667
1.91667
2.71667
3.55000
4.40714
5.28214
6.17103
7.07103
7.98012

{a.}

— . 10

0

From the graph, it seems that the series
converges. In fact, it is a geometric

series with a = 12 and r = 1, so its sum
=10  10/3
1s ;::1 3 13 = 5. Note that the

dot corresponding to n = 1 is part of
both {a,} and {sn}.

2.5

° {5}

{4}

/

~15
The series diverges, since its terms do not

approach 0.

7 10

0
The series diverges,since its terms do not

approach 0.

* R —
n sn || e {s”}
4{0.25000
510.40000
6{0.50000
710.57143 .
810.62500 (a,)
R 7 100
9(0.66667| ©
10 0.70000 |  From the graph, it seems that the series
11]0.72727
converges to about 1. To find the sum, we
1210.75000
1310.76923| proceed as in Example 6: since
_3 __ 3 3 the partial
99(0.96970 i(i—1) =17 e partial sums
100 | 0.97000
are

” 3
S":Z(ifl

1=4

G

b

NEREA Y
4 5

n 3 3 n 3 72
n—2 n-—1 n—1 n

and so the sumis lim s, = 1.

n—o0

n| sa [ o) B
1{1.000000

210.714286

310.795918 . {al

4l0.772595| ° " °
510.779259 )
6(0.777355| -os

710.777899  From the graph, it seems that the series
810.777743 | converges to about 0.8. In fact, it is a
9[0.777788 | geometric series with a = 1 and

1010777775 | . _ —2, 50 its sum is

1|orrrrmg| o

12]0.777778| $° <_2) __ 1 _7

2 \77 1-(—2/7) 9

is a geometric series with a = 4 and

8, 16 , 32
6.4+ <+ 2+ 5+
r = 2. Since |r| = 2 < 1, the series converges to

4 _ 4 _ 2
T=2/5 — 3/5  3°

7.1— 24+ 9 — 2L + ... isa geometric series with a = 1 and
r = —2. Since [r| = 2 > 1, the series diverges.
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. a=1,|r| = |—3| < 1 so the series converges with sum
12
1-(-1/2) 3"
>, n—1. . . 2 1 .
> 2(-3) is geometric witha = 2, r = —3, so it
n=1
converges to 2/3 _1
e 2 S
La=—35 || = F%‘ > 1, so the series diverges.
1 L . .
a= g5 || = £ < 1, so the series converges with sum
1/2° 1
1—1/4 48

21.

S (=t

(o=}
C > (&)™ diverges since r = & > 1.

) Z <_2> = a=—= |r| < 1, so the series
e e

converges to 1/e? B
& 1—1/62_62—1.

. For 3 378"t = 218 ()" a=5%andr=%>1,s0
oo

n=1
the series diverges.

S 4(3)" = a=4|r| =% < 1,so the series
n=0
converges to 1 =20
sS4 =
.a=1,|r| = }—%‘ < 1, so the series converges to
1 T
1—(=3/m) 7m+3
5e e .
ca=or=3< 1, so the series converges to
5e/3  be
1—e/3 3—¢
a=1,r =3 <1, so the series converges to 1 .38
PATATERS S ST 58 ™ 3

327L

(1 9\" 9
WZZ(‘g) (‘g) =g >1
1

n=

so the series diverges.

This series diverges, since if it converged, so would

2- Z % = Z % (by Theorem 8), which we know

n=1 n=1
diverges (Example 7).
Converges.

(3

~ 1

=12 1/2 _ .
= g < : oy 2) (partial fractions

22.

23.

The latter sum is a telescoping series:
(1,1)+<1,1)+<1,1>+...
3 2 4 3 5
1 1 1 1
+(n—1 7n+l)+(gin+2)

Thus,

= 1 1 1 1 1
)RS gy I S S
nn+2) 2n-oo 2 n+l n+2

1 1 3
:§O+§)=z
S 200" + (02" =2 3 (0.)" + 3 (02)". These

are convergent geometric series and so by Theorem 8, their

. 0.1 02 _ 2,1 _ 17
sum is also convergent. 2 (m) +155=51t71= 3

lim a, = lim 1#£0,

n 1
P lim— =
n—o0 n—oo /1 4+ n2? n—o0 /1_|_1/n2

so the series diverges by the Test for Divergence.

> 1 2 =1 =1
24. Z: (27171 + 377.71) - Z: 2’”71 + 2 Z: 377.71
n=1 n=1 n=1

. lim a, = lim

- 1711/2 2 <1 711/3> =9

lim # = % # 0, so the series diverges

by the Test for Divergence.

n—oo

2
n 1
2. lim ————— = i
nee3(n+ 1) (n+2)  neo3(1+1/n)(1+2/n)
1
===#0
37
so the series diverges by the Test for Divergence.
27. Converges.
n 1
= L Ty (Bit1)
n [ 1/3 1/3 . .
= - rtial fract
1; {& 5 3T 1} (partial fractions)
B T ) I
IE 3 4 3 4 37
i1y,
3 7 3 10
1 1 1 1
3 3n—2 3 3n+1
1t (telescoping series)
3 3B+l ping
= lim s _ 1 = w;—l
n=oo "3 —~(3n—-2)3n+1) 3
. . 1 . .
28. lim a, = lim <— + 2") does not exist, so the series
n—oo n—oo \ N

diverges by the Test for Divergence.



~ 1
29. 3”2241‘2—1
1=1

= Z { 1/2 1/2 ] (partial fractions)
i=1

2% —1 2i+1

(1, 11y, (1111
T\2 2 3 2 3 2 5

IO SO S S
2 2n—1 2 2n+1

l 1
2 4n+2
> 1
So;4ﬂ2—1 = lm s =3

30. Converges.
Sp = (sinl — sin%) + (sin% —sin%) +

+ sinlfsin 1
n n+1

=sin1 — sin , SO

1
+1
> 1 1

Z (sin— — sin ) = lim s, =sinl —sin0 =sin1
e n ’I’L+1 n—oo

3. s, =(In1—-In2)+ (In2—-1In3) + (In3 — In4) +
<o+ [Inn—1In(n+1)]
=Inl—In(n+1) = —1In(n + 1) (telescoping series).
Thus, lim s, = —oo, so the series is divergent.

n—oo

- 1
32. 5, = E T o
—~i(i+1)(i+2)

72": v2_ 1 12
AN R R

- (12 25) 2 ()

i=1 i=
both of which are clearly telescoping sums, so
! 1 1 1
S“‘E‘WMTW}
1 1 1
T4 2(n+1) " 2(n+2)
Thus, 3 ;: lim s, = —.
T;n(n+l)(n+2) n—oo 4
2
33. Write In ;1 =In (n—1) (n+1)‘ Then
n n-n
snzlnﬁ—&-lnﬂ—i—lnﬁ—l—
2-2 3-3 4-4
(n—2)n (n=1)(n+1)
.—~_1rl(11—1)(71—1)—~_1 n-n
1-3 2-4 35
L[ mTa
(n—2)n (n—1)(n+1)
n—1)mn—-1) n-n
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Therefore,
nz::llnn ; :nlirgosn—ln—<1+%):ln%
_ 0.5 5
4. 0.5 =0. . . = _2
34. 0.5 = 0.5+ 0.05 + 0.005 + 1 01-9
35. 0.15 = 0.15 + 0.0015 + 0.000015 + - - - = 0.15
ot T ' ’ T 1-0.01
_15_ 5
T 99 33
36. 0.307 = 0.307 + 0.000307 + 0.000000307 + - - -
0.307 307

~1-000L 999
37. 1.123 = 1.1 + 0.023 + 0.00023 -+ 0.0000023 + - - -
0.023 11 23 _ 556
1—-0.01 10 990 = 495
38. 4.1570 = 4 4+ 0.1570 + 0.00001570 4+ - - -

—4s 0.1570 41,566
- 1—0.0001 9999

=11+

(3x)™ is geometric with » = 3z, so converges for

8

39.

n=0

1
1 1
[Bz| <1 < —5<T< oo

S AN . . . T
40. > (=) isa geometric series with r = 3> SO converges

n=2

whenever‘§‘<l & —5 < x < 5. The sum is

(x/5)* _ _ a
1—2/5  25—5z

oo
41. > (2sinz)"™ is geometric so converges whenever
n=0

2sinz| <1 & —-1<sinz<i &

nm — & <z < nrm + g, where the sum is ————.
1 —2sinz

e}

1\" . L 1 .
42. > (—) is geometric with » = —, so it converges
0 x

n=

whenever

1
—'<1 & Jz|>1 & xz>lorz < -1,
x

T

1
d th i§ ———— = ——.
an esumlsl_l/m po—

o0
43. > tan™ z is geometric and converges when [tan x| < 1
n=0

& —l<tanz <l & nr—% <z <nr+7§ (nany

integer). On these intervals the sum is ———.
1 —tanx



