8.1 Sequences

SECTION 8.1 SEQUENCES

B Click here for answers.

1-8 i List the first five terms of the sequence.

n

l.a,= 2. a,=
2n+ 1
-1)"n

3. q,— DN

w
.

s}

6. &, =1, a1 =

1+a,

1-3-5-----(2n—1)

n!

7. a, =

(_7 n+1
n!

bl

9-14 m Find aformula for the general term a, of the sequence,

4n — 3
3n+ 4

2 n
on 4, an, = <—3>

assuming that the pattern of the first few terms continues.

9. {1,4,7,10,.. }

15-39 w1 Determine whether the sequence converges or diverges.

If it converges, find the limit.

10. {%’ ZASI ?561 %, . }
12 (1,2, 6,24, ..}

14. {0,2,0,2,0,2,..}

15. &= 16. a, = 4/n
17.an=2:i 18.an=g:;i
'9""‘":nrf1 20. a, ﬁig
2. an:(—l)”liizrﬁ 22, {737}

B Click here for solutions.

nmw
23. a, = sin——
2

2. {3+<—1>}
n
2. {I()}
n
29. {yn+ 2 - yn}

3. a,=n2™"

33. a,=n¥"

24,

26

28

30.

32.

3. a,=(yn+1-+yn)yn+1

n4

3. a, = (-t

36. {arctan( anz 1)}
" %)

38. a, =

1+ n%2+nd

a, = 2 + cosnw

n!
“l(in+2)!
.
. {(—1) sin n}
In(2 + e")
3n

a,= (1 + 3n)*"

40-43 1 Determine whether the sequence is increasing,
decreasing, or not monotonic. |s the sequence bounded?

1
40. a, =
3n+5
3n+ 4
42. a, =
2n+5

n—2

41. a, =
a n+ 2
43. an=£
n+ 2
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Answers
A Click here for exercises. A Clich here for solutions.
12345
Lo, 2o, — )
357910 n.0
, 119 1317 . 0
" 7727137167 19 22. Diverges
3. 1 .13 15 23. Diverges
2028 4732 " Di
4,227_8E,£ . Diverges
" 3797 27'817 243 2.0
5.1,0,-1,0,1 26. 0
1235 27. 0
6.1,=,2,2.2 .
) 27 ) )
358 28. 0
;185 35 63
. 72’ 27 8 ) 8 29. O
1
8. 49, _@7 2401,_16,8077 117,649 30, 3
2 6 24 120
9. a, =3n—2 31.0
2 32.1
10. a, = L2
(n+3) 3.1
3\" 1
n+1
can = (— = 4, =
1. a (-1) (2) 3
12. a, = (—=1)" n! 35. Diverges
0
13. a, = (71)71-&-1 n+1 36. Z
2n +1
. 37.0
Wa,=1—(—1)"""ora,=1+(-1) 1
38 —
15. 0 2
16. Diverges 39. 0
17. 1 40. Decreasing; yes
4 41. Increasing; yes

18. =
3

19. Diverges

42. Increasing; yes

43. Not monotonic; yes



Solufions
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I3 Click here for exercises.

1. a, = n so the sequence is l Z é é i
ERC S q 35T
2. a 74n_—3 so the sequence is l 1 3 E H
SR q 77213°16°19
-1t .
3 a, = ()2771” so the sequence is
1 13 15
2 2°8 4’32 ’
4 a ( > so the sequence is
24 816 32
T3y 27 81’ 2437 [

5. an = sin 2 , so the sequence is {1,0,—1,0,1,...}.

6. a1 =1, an41 = , so the sequence is

a
1 1 1

17 ’ 19
1+17 14571+

FRRRE
5
,{111 1 1} {11235
= ' 5937508 ( PP R R R
2757272 2°3'5'8
1-3-5---.. o —
1. an = 3.5 o (2n ) so the sequence is
|35 35 63
727278787
_ n+1
8. an, :( 773' , so the sequence is

{49 343 2401 16,807 117,649 }

27 6’ 24 7 120
9. a, =3n—2
0. a, = 22

(n+3)

. an, = (—1)"* (g)n

12. a, = (—1)" n!
n+1 n—+ 1

2n+1
14. {0,2,0,2,0,2,..

think of alternately subtracting and adding 1 (from 1 and to
)n -1 .

13. a, = (—1)

1) to obtain the given sequence: a, =1 — (—1

1 1 1
15. nILH;O el nl—»II;o o= % -0 = 0. Convergent

16. {4/n} clearly diverges since y/n — co as n — oo.

n®—1 i 1-1/n?

17. 1i =
i n—>oo 1+1/n2

n—oo ’n2 +1

= 1. Convergent

.}. 1 is halfway between 0 and 2, so we can

N Clich here for answers.

18. lim dn — = lim
19.

20.

21.

22
23.

24,

25.

26.

27. 1

28.

29.

3 .4 — 3/n

Convergent

2

o _n
n+1 1+1/n
1/n1/6+1/n1/4 _ 9

1+1/n3/10 1

{an} diverges since — 00 as n — 0o.

nl/3 4 /4
lim ————— = lim

=0so
n—oo ni/2 4+ nl/s n—oo

the sequence converges.

n® lim 1/n
" oo (1/n3) +1

lim |a,| = lim
n—oo | n‘ n—oo 1 +TL3

=0, so by

2
Theorem 6, lim (—1)" (1Zn3) =0

an = (3)",

=3>1L
{a”} = {17 07 _17 07 17 07 _17
among 1, 0, and —1, so the sequence diverges.

so {an } diverges by Equation 8 with
..}. This sequence oscillates

an, = 2 + cosnm, SO

{an} = {2+ cosm, 2+ cos2m, 2+ cos 3,2 + cos4m,...}
={2-1,2+1,2—-1,2+1,...}
={1,3,1,3,...}

This sequence oscillates between 1 and 3, so it diverges.

{3+7(1;1)"}

! 2.3 ...,
lim —% — = lim 1-2-3 n

7L4>OO(TL+2)! n—oo1:2:3--+-. n(n+l)(n+2)

. 1 B
sy ey

M < iand lim i =0, so
n?2 n2 n—oo n?

0<

converges to 0 by the Squeeze Theorem.

Convergent
1 2
- n(:r): mmghmz/—xzo,soby

In (nz)
Theorem 3, 0 converges to 0.

lim sin <l> = sin 0 = 0 since 1 — 0 asn — oo, so by
n n

n—oo

Theorem 6, {(71)” sin (l) } converges to 0.
n

b = VTR - VA= (VAT E - vR) Y

2 2 1
= < =— —0asn — oo.
Vnt2+yn o 2/n n -
So by the Squeeze Theorem with a,, = 0 and ¢, = 1/4/n,

{V/n+2— \/n} converges to 0.
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X X x
30. lim n@+e) 8 fjm SL2TC) [@+e)
1 1
= hm e — -
00 e +3 3
so by Theorem 3, lim M = l Convergent
n— oo n 3
. T H . 1 n
31. xli»lgo 5 = wh_}rgo o)z = 0, so by Theorem 3, {n27"}
converges to 0.
1
32.y=(1+32)"" = In(y) = ;ln(l—i—?m:) =
lim Iny = lim —ln(l—i—Sx) L lim 3/ (1+3I) =0
Tr— 00 T — 00 xT Tr— 00
= limy= e® = 1, so by Theorem 3, { + 3n) 1/”}
converges to 1.
33 Lety = /%, Thenlny = _Inz and
x
lim (Iny) L lim (,i> =0,s0 lim y =e® =1,
r—00 r—00 T—00
and so {a, } converges to 1.
34 a, = (\/nJr ,\/ﬁ) ,/nJrl
n+14++n
= n+1—+v/n ( -+ 1
(VFT— i) (Y ) o
Vn+1/2 V1+1/(2n) as
= n — oo.
CVn+l +\/_ «/l—i-l/n—l—l
Convergent
35. |an\ = WT”:[/TL—H — oo asn — oo, SO {an}
diverges.
R P L N
nan;o arctan (Qn T 1) = arctan1 = 7. Convergent.
i 1
37. 0 < |s$ﬁn| < ﬁ — 0 as n — o0, so by the Squeeze
Theorem and Theorem 6, { ﬁ} converges to 0.
vn
38. The series converges, since
_14+243+---+n
= W [sum of the first n positive integers]
_n+1 1+1/n —asn—>oo
- 2n 2 2
n |cos n| n 1
9. 0 < = =
39. 0 < an| n2+1 — n24+1 n—&—l/n_)()as

n — o0, so by the Squeeze Theorem and Theorem 6, {a, }
converges to 0.

40.

41.

42.

43.

1 1
Sni1) 45 3n+5
an+1 < an 80 {an} is decreasing. The sequence is bounded
1

3(n+1)4+5>3n+5s0

because a,, = ——— > 0forn > 1.
n+5
n-—2 is increasing since
n+2 &
n—2 (n+1)—2
mn n ¢>
On < Gntl nt2  (n+1)+2

& m=2)n+3)<(n+2)(n—-1) <
6<n’+n—2 & —6< —2 whichisof
course true. The sequence is bounded because
n—2 < n 4+ 2
n+2 n+2

n2+n—

=1forn > 1.

3n +4 is increasing since a >a
2n+5 & n = A

3(n+1)+4>3n+4
2(n+1)+5 ~ 2n+5

(Bn+7)(2n+5) > Bn+4)(2n+7) &

6n2 4 29n 4 35 > 6n> +29n + 28 < 35 > 28. The

sequence is bounded because a,, = 3n+d _4n+10
! " 2n+5 " 2n+b5
forn > 1.
an = TQ defines a sequence that is neither increasing nor
n

decreasing since a1 < a2 and a2 > as. (a1 = % = 0.3,
an = % ~ 0.354, and a3 = @ ~ (0.346.) But the

sequence {an | n > 2} obtained by omitting the first term a1

Jz

is decreasing. To see this, note that if f (x) = for
T+2

x > 0, then

x4 2
(@) = 207 \/E_(erZ)fo

(x4 2)° 2V (z +2)°
2oz <O0forx > 2.
T 2/E(@+2)

The sequence is bounded since a, > 0 foralln > 1 and

angazzgforalanL



