5.7 Trigonometric Integrals

SECTION 5.7 TRIGONOMETRIC INTEGRALS

B Click here for answers.

1-11 - Evaluate the integral.

1. J sin®x dx

3. L"/Z sin? 3x dx

5. f (1 — sin 2x)? dx
7. f cos

9. f: x3y/4 — x2 dx

dx
1. f Xy/X2+ 3

2. f sin*x cos®x dx
4, foﬂ/z cos?x dx
6. f x sin®(x?) dx

jﬁ/z 1

12 x2,/1 — x2

1°f44%‘*
) x3/x2- 16

dx

B Click here for solutions.

12-15 1 Write out the form of the partial fraction expansion of the
function. Do not determine the numerical values of the coefficients.

x3—4x2+ 2

14. X2+ D(x®+ 2)

16-21 m Evaluate the integral.

XZ
lafx+lm

1
3 (X+1)(X—2)dx

1 X3
N.LX2+1dx

x2+1
x2—1

13.
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J X(X + 1)(2x + 3)
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2]f(Sx 4x + 5
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fAinswers

I3 Click here for exercises.

1. —cos:v—ﬁ—%cos?’x—i—C

2. %sin5zf%sin7x+0

3. 7

4. 7

5. %x+cos2x7 %sin4x+C

6. — % cos (:v2) + %0053 (w2) +C

1. VT + 3sin(2yz) + C

2
8. 5
64
9. 5
10. 1—58 <sec_1 % 4 vz 16 ”;22_16> +C

1. 2 ]n‘i\/mztj_‘/§

Bl Clich here for solutions.

13.

17. z +In
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r 1 x+1

Ax+B Cz+ D
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£+ D FEx+ F
3 -1 x224+x+1

8

i’ —z+hjz+1/+C

(—1)°

||

+C

In

Wl
Njo

. sIn|z| —Injz+ 1|+ 2In[2z + 3|+ C
1(1-1n2)

(=1 +InvaZ+1—3tan 'z +C
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Solutions

I Clich here for exercises. I Click here for answers.

1. fsin?’mdm = f (]_ —COS2 (L‘) sin zx dx 9. Letx = 25in0 —1 < 0 < E. Then dz = 2 cos 6 df and
= [sinzdr + [ cos® z (—sinx) dz V4 —2? =|2cosf| = 2cosb, so
=—Cosx+%cos3m+0 f02x3\/ —xzd;c:fﬁ/2851n 0 (2cos0) (2cosf) db

by the substitution u = cos z in the second integral. =32 ™2 cos2 O (1 — cos®6) sin 6 df

2 Letu =sinz = du = coszdx. Then —39 fl u? (1- u2) (—du) (where u = cos 0)

f sin? z cos® x dx = f sin? x (1 — sin? x) cosx dr 1 1
4 6 15 1.7 = 32f (u2 — u4) du = 32 [1u3 — lus]
=[(u*—u®)du=2u’—Ltu"+C 0 3 57 1o
_ 1_ 1y _ 64
:%sinsw—lsirf:r—ﬁ—c 32( 5) 15

7
10. Let x = 4sect, where 0 < 0 <5 Torm < 0 < 3*. Then

/2 . 2 /2 1
3. sin”® 3x dx = = (1 — cos6x) dx
fo o 2l /)2 dr = 4secOtanfdf and V22 — 1 =4|tan9\:4tan0.
1 1 s
= [Exfﬁsmﬁx} =7 Thus
T 4secftand db
4 fw/zcoszacdm—fw/zl(l—&—cost)dx 3. /2 = 30.
- Jo =Jo 32 322 — 16 64 sec3 6 -4tanf
:[%x+%sm2x}g/2:§ = o [ cos’0df = 155 [ (1 + cos26)df
= 1= (0 + 3sin20) + C = 12 (0 +sinfcosb) + C
5. [ (1 —sin2x)? d 1 — 2sin 2% + sin® 2z) d -
J (1 —sin2z) ( sin 2z + sin ac) i :1_§8 (sec_lz+4\/2—16> LC

by the diagrams for 0 < 0 < Fand 7w < 0 < 37", where the
labels of the legs in the second diagram indicate the z-and

3

=/

= [[1—2sin2z + 3 (1 — cos4x)] dx
= [[3 —2sin2z — % cos 4a7] dz

3

=37

2
2z — < sin4
T coszr 8 sindz +C y-coordinates of P rather than the lengths of those sides.

9 Henceforth we omit the second diagram from our solutions.
6. Letu==2x = du = 2xdx. Then

fxsin3 (1’2) dr = fsin?’u- %du P
= %(—cosu—&—%cosgu)—i—C X (16
= —% cos (a:z) + %cos3 (m2) +C (]
4
7. Letu = v/z so that z = u? and do = 2u du. Then 4 (o0
2
/cos;/:%/fdx = /COS £ Yo du = [2cos’udu — V- 16 -
= [(1+cos2u)du P
= u+3sin2u+C 1. Letz = v/3tan 6, where —Z < § < Z. Then
= \/E—i—%sin(%/i) +C / V3sec? 0d0
o/ +3 V3tan6v/3sech
8. Letz = sin, where —3 < 0 < 7. Then dx = cos 6 df and 1 f 0d0
= —= [csc
V1 — a2 = |cosf| = cos 0 (since cos§ > 0 for 6 in v3
[~2,Z]). Thus = %ln|cseé’—cot9| +C
/ﬁ/2 da /”/3 cos 0 df L YT 3-8,
_ = _ = —h|l——mmm
12 x2/1— 22 <6 sin® 6 cos V3 T
= [7/d esc® 0d0 = [~ cot 0]7)a
Jr2+3
_ 1 "
- () A
_ 3 _ 1 _ 2 0
T V3 VBT V3
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12.

15.

z2
) r+1

1 1 _é+£+£+ D
zt—23 23(z-1) =z 22 23 z-—1
2
z°+1 2 A B
R —
z?2—1 +(96—1)(3[:—&—1) Jrm—1+gc—|—1
2®— 42> +2  Az+B  Cz+D
(2 +1)(224+2)  22+1 x2+2
N 1
26 —x3 23 (23 -1) a3 (z—1) (22 +z+1)
_A,B . C_ D Ez+ F
Tz a2 3 -1 22+z+1

1
dm-/(az—l—i—x—ﬂ)dm

=12’ —z+hnlz+1/+C

2
z°+1 z+1 1 2
+$(x—1) x+x—1’so

T2 —x

2
/x2+1d:c:ac—ln|a:|+21n|a:—1|+0
x2—z

:ac-i—lnw—&-c
||
1 A B
(z+1)(z—2) T+l +a:—2 =
1=A(zx—2)+ B(xz+1). Takingz = —1, then z = 2,
gives A= —1, B = 1. Hence

/;%:%/:Liznil}dx

Ln|z — 2| 71n|m+1|];

3
:%(ln5—ln8—ln1+ln4)
:%lng
1 A B C
=
z(x+1)2z+3) =z z+1 2243

1=A@+1)2z+3)+B(x)2z+3)+C(z) (z+1).
Setm:OtogetA:%.Takem:—ltogetB:—l,and

finally setting x = f% gives C' = %. Now

/m
:/(%m_x—ifrzj/jg)dm

ilnjz|—Injlz+1/+ 2In|2z+ 3|+ C

20.

21.

@ (P4a) -z z
2 4+1 z2 4+ 1

—xfx2+1,so
1 3 1 1

/zx—dxz/mdmf/ﬁﬂ

o T2+1 0 o T2+1

= [%:r?‘]; -1 ff 1 du (where u = 22 + 1, du = 2z dx)
u

=1- [%lnu]?:%—%ln2:%(1—ln2)

32% —4x +5 A Bx+C
(m—l)(w2+1):$—1+x2il -
3z —dz+5=A (2> +1) + (Bx + C) (z — 1). Take
x=1togetd =2Ao0or A =2. Now
(Bz+C)(z—1) =32 —4x+5—-2 (2> + 1)

=22 —4x+3

Equating coefficients of 22 and then comparing the constant
terms, we get B = 1 and C' = —3. Hence,

32% —4x +5 2 z—3
e N R 2 42724
/<a:—1><a:2+1) v /[m—l*xul} v

x dx dx
=21 -1 —
n|x |Jr/1:2_’_1 3/x2—|—1

=2In|z— 1|+ 3In(2*+1) —3tan "2+ C
zln(x—1)2+ln\/m2+1—3tan_1m+0






