5.2 The Definite Integral

SECTION 5.2 THE DEFINITE INTEGRAL

B Click here for answers.

1-7 m Use the Midpoint Rule with the given value of n to approxi-
mate the integral. Round the answer to four decimal places.

3 1
2 [ 5 dx

1. f5x3dx, n=>5 n=4
0

3. J‘lz V14 x2dx, n=10

4. fﬂ/Atanxdx, n=4
0

5. folosin\/;(dx, n=>5 6. [0” sec(x/3)dx, n=6

7. f4xlnxdx, n=4
2

8-9 1 Express the limit as a definite integral on the given interval.

8. lim i [2(xF)? — B5xF ] Ax, [0, 1]

n—w =g

9. lim E VXA [L 4]

n— {23

10-19 1 Use the form of the definition of the integral givenin
Equation 3 to evaluate the integral.

10. f"cdx . f72(6—2x)dx
R .

12. Jl“ (x2 — 2) dx 13. f (2 + 3x — x2) dx
14, j: (ax + b) dx 15. [: (2x2 — 3x — 4) dx
16, [* (€ -+ Dk 17 [7(Px® + Qx + R) dx

18. fob (X3 + 4x) dx 19. f; (t— 2t + 3 dt

B Click here for solutions.

20-23 i Evaluate the integral by interpreting it in terms of areas.

20. [°(1 + 2 dx 2. [° (2~ dx

2. |° (1 [x]) dx 2. |3~ 5]dx

24-27 i Write the given sum or difference as asingle integral in
the form [2f(x) dx.

2. ff(x) dx + Lef(x) dx + lef(x) dx
25. Lgf(x) dx + f;f(x) dx

2. me(x) dx — f;f(x) dx

-3

27. [° 100 dx— [° 00 dx+ [ £ dx

28. If [ f(x) dx = 1.7 and [} f(x) dx = 2.5, find |5 f(x) dx.

29. If [ f(ydt=2, [} f(t)dt=—6,and [; f(t)dt = 1,
find |7 (t) dt.

30-32 1 Use Property 8 to estimate the value of the integral.

30. [° (¢ + 20 dx 31 7 cosxax

32 [ VT+xidx
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Anstuers

Clich here for exercises.

1. 153.125
2. —0.7873
. 1.8100

. 0.3450

. 6.4643

. 3.9379

. 6.6969

. f01 (2x2 - Sx) dx
9. [} ade
10. (b—a)c
1.9

wvi AW

L N o

12. 15
13.

Q wle

4. -+

15. 19.5
4
16. 5

. P(b—; —%3) +Q(b—; —%2) T R(b—a)
b4
4
19. 140.25
20. 10

21.

18. = + 207

22,
2.
n. [ f(2)da
5. [} f(2)da
2%. [° f(z)da
7. [0 f(2)da
28. —0.8

29. —9

o © =

30. -3 < [°, (2? +22)dz < 0.
3. 5 < f://fcosxdx < %

32.2< [1 VIt ot de <2V2

B Click here for solutions.




Solutions
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Clich here for exercises.

1. The width of the intervals is Az = (5 — 0) /5 = 1 so the
partition points are 0, 1,2, 3, 4, 5 and the midpoints are
0.5,1.5,2.5, 3.5,4.5. The Midpoint Rule gives

5
f05 dr = Y f (@) Ax
=1

= (0.5)> + (1.5)* + (2.5)® + (3.5)® + (4.5)*
— 153.125

2. The width of the interval Az = (3 — 1) /4 = 0.5 so the
partition points are 1.0, 1.5,2.0,2.5, 3.0 and the midpoints
are 1.25,1.75,2.25, 2.75.

4

132x— Z (Ts) Ax

s 1 N 1
S 2(1es) -7 T 2(LE) =7
+ L + !
2(2.25) —7 ' 2(2.75) — 7

Q

—0.7873

3. Az = (2—1) /10 = 0.1 so the partition points are
1.0,1.1,...,2.0 and the midpoints are 1.05,1.15,...,1.95.

2 10
/ Vit z2de = ) f (3) Az
1 i=1

=0.1 {\/1 + (1.05)% + \/1 + (1.15)

4o/l (1.95)2}

Q

1.8100

2

4. Az = ; (5 —0) = {5 so the partition points are 0, 7, 3%,

3n 4mw 3w bm 7w
=%, 15 and the m1dp01nts are 55, 55, 355 55 - 1he Midpoint
Rule gives

f Mtanxdz ~ (%) (tan— +tan%
+ t’,an3—72r +tan3—g)
~ 0.3450

I Click here for answers.

5. Az = (10 — 0) /5 = 2, so the endpoints are 0, 2, 4, 6, 8, and

10, and the midpoints are 1, 3, 5, 7, and 9. The Midpoint
Rule gives

[ sin/zde ~ i ;@) Az

=2 (sinﬁ#»sin\/?_)

+ sin\/f_)+ sin\/'?+ sin\/ﬁ)
~ 6.4643

2n 37

6. Ax = (m —0) /6 = £, so the endpoints are 0, %, 2, ¢,

4w 5w 3w 5w 7w 9w
o ,and , and the midpoints are <5, 35, 25, 15, 75

and & The Midpoint Rule gives

Mm

Jo sec(x/3)dx = Y f (@) Az

1

.
Il

T T 37 571
=% (sec%+sec§ +sec§
+ sec—+sec—+seclg—ér)

3.9379

Q

7. Az = (4 — 2) /4 = 0.5, so the endpoints are 2, 2.5, 3, 3.5,
and 4, and the midpoints are 2.25, 2.75, 3.25, and 3.75. The
Midpoint Rule gives

[f () = zIna]

4
[lemadr ~ ;f (T:) Az

0.5[f(2.25) + f(2.75) + f (3.25) + f (3.75)]
~ 6.6969

8. On [0,1],

lim 3 [2(z]) - 527] Az = [ (22 — 52) d.

n—oo ;7

9.0n[1,4], lim > \/xz} Ax:ff\/:_cd:n
n—oo [

f cdr = lim b—Zcf lim 2=

n—0o0 n i—1 n— oo

= lim (b—a)c=(b—a)c

n—00
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1. f; (6 —2x)dx = lim 9 > [6—2(—2+%)} 15. f83 (22° — 3z — 4) dz
nﬁoonizl n
3 & 3i\? 3i
.9 184 = lim = [2(—3+—) —3(—3+—)—4]
= lim — 10 — —
nglgonzzzl[ 'I’L:| nﬁmnz:l
(90 » 162 & .3 » [18i2  45i
= lim |— - = = lim = = 4923
. [90 162 n(n + 1) . [b4 2 , 1352 . 69 -
= —_nm -7 =1 — [ i 1
nlgf;o_n" n2 9 s _n?*izzlZ n?2 ;ZJF nzzzl
[ (5 on+1) 135 1) 69
~ lim 90—81~1(1+l)} — fim (A0t DEnT]) 1350t )+—n}
n—o00 n n—oo | 1 6 n 2
=90 -81=9 = lim 9.1(1+l (2+1)—§~1(1+1)+69}
4, 9 n—oo | n n 2 n
12. [} (2 —2)dx ~9.2-13 1 60— 195
. 3 3\ 2
:nlggoﬁz; (1+—) —2:| 16 f ( —t2+1)dt
N\ 3 -\ 2
392 6 — Jim 2% (_1+%) _(_1+%) +1
*JEEO?L; [F 2_1} ’H""”; " "
7R 18 2 o [/8& 122 6i
= lim |= Y 24 = -251 = lim = = = 42X
oo 3 &~ + 121 Z} nglgonz; {(ni" n? n )
~ bm QZn( n+ )(2n+1)+1§n(n+1)_§ B 4L—£+1 +1
nooco | M 6 n 2 n n?2 n
9 1 1 2 no[83  16:2 106
=1 1(1+=)(2 9-1(1 -3 — lim = ov. At AU
e 2 ( +n)( + )+ ( +n) } nlggonz;[ni; n2 + 1}
=(2-2)+9-3=15 (16 &~ " n
(2 )+ = lim 1—321'3—3—521'24»2—22@'—221}
13 f1 (2+3x—x2)dx noee :n 1=1 ne = =1 n ;=1
. N . 1 2(nJrl) 32n(n+1)( +1)
4 43 43 = lim |—
= lim — 2+3(1+—)—(1+—):| n—oo | Nt 4 T n3 6
TL*?OOTLZ‘: n n
it Jr20n(n+1) Qn}
n 2 - - — =
o . ) 1\? 16 1 1
5 64 & o 16 . 16 & = lim 417 (14 =) =11~ ) (24—
R P DU SRR - 1
i [LEROID @Y 1601 16 v (14 1) -2
n—oo | n3 6 n2 2 n u .
[ 32 1 1 1 -5 +10-2=3
= lim 1+ 24 —)14+8-1(1+—)+16 b )
oo |3 n n 17. [0 (P2® + Qz + R) da

64
=6 ,9,116=28 —a¢ — :
3 3 ) . — lim bnaz |:P(a+ al)
W [} (az+b)dz = lim = {a (i) +b} ;
n—oo M ;1 n b—a .
a b e " )
n-—oo _'I’L i=1 n ;=1 b_a n (b a)2 2
= lim - +—TL:| -
n—oo | M 2 n b—a ]
‘a 1 a + (2Pa+Q)—i+ (Pa’ + Qa+ R)
=lim |21(14 )+ =2 b _
00 _2 n 2 (b a)3 n (b a)2 n
— h =) ;2 — ‘
- i [PES £ erar o 05 £
+(Pa2+Qa+R)bnai1
i=1 |




lim [P

n—00

lim [P

n—00

P
3

b3
Pl = —
(5

b3
,p(g_

(b—a)’n(n+1)2n+1)
n3 6
1 (2pat @) =9 a) (";“ D

+ (Pa2+Qa+R) b_an}
n

i (12) ()

+ Pa+9 (b—a)1 1+l
(rer$)e-a(243)

+ (Pa2+Qa+R) (b—a)}

(b—a)’ + (Pa+ %) (b—a)?

+(Pa2+Qa+R) (b—a)

3
b’a + ba® — % + ab® —2a%b + a® +a2b—a3)

2

£) ol -5) oo

2 2
+Q(b——ab+—+ab—a)+R(b—a)

18. fob (x3 + 4x) dx

9. [

= lim

n—00

= lim

n—00

[6* n® (n+1)° + n(n+1)
n—oo | Nt 4 'rL2 2

- ,
lim b—.12(1+1) +2b2.1(1+1)]
n-—oo 4 n n

3 n 3\ * 3
Ei; (2+E) —2(2+ )+3

[27:% 5442 364 64 }

3n

A ol LI R A O SR
AT et s
n r .3 .

§Z 274 n 5432 Jr30@+7}

n/=| n3 n?

n 162 90 = . 21 & ]
GEerEEeemsirnts
n® =1 n =1 |
ﬁn (n+ 1) +L@n(n+1)(2n+1)
n4 4 n3 6
9_0n(n+1)+21
n? 2
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81 1\?2 1 1
= lim [—.12 (1+—) +27.1(1+—) (2+—)
n—oo 4 n n n
1
+45.1(1+—) +21}
n

20. |, 13 (14 2z) dzx can be interpreted as the area under the graph
of f(z) =1+ 2z between z = 1 and z = 3. This is equal
to the area of the rectangle plus the area of the triangle, so
[P+ 2r)de=A=2-3+3-2.4=10.

Or: Use the formula for the area of a trapezoid:
A=1(2)(3+7) =10
¥

— 8L 4 544 45+ 21 = 140.25

B

51
(1,3)

0 1 2 30X

21. f: (2 — x) dx can be interpreted as A; — Ao, where A; and
A, are the areas of the triangles shown. Thus,
P e-—x)de=1-3.3-1.1.1=4

7‘10

7 [ 32 (1 — |z|) dz can be interpreted as the area of the middle
triangle minus the areas of the outside ones, so
LA -|z)de=43-2-1-2-3-1-1=0.

2. | 03 |3z — 5| dx can be interpreted as the area under the graph
of the function f (z) = |3z — 5| between z = 0 and z = 3.
This is equal to the sum of the areas of the two triangles, so
[lBe=sldo 45514 (3-3)1— 4

o2 3%
u. [P f(x)dz+ [ff(2)de+ [ f(2)da
=[S f(@)dz+ 2 f(2)de = [ f(2)da
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25. f5 (z)dz + [ f (z)dz
=y x)dx+f5 x)dxffo
26. f(x) dx—f2 (z) dx
7[2 (x)dz+ [}° f (x)dz— [] f(z)dz = [}°f
7. [°, f(2)de— [°, f(x)da + [P f (z)dz
= [° f(@)da+t [0 f(z)de— [°, f(z)dz+ [0 f
=t
8. [)f x)dx+f5 x)dfofQ (x)dz =
[ f(@)de+25=17 = [ f(z)dz=—0.8
9. [Lr@)de+ [Pf()dt+ [ f@)yde= [ f(t)dt
= 2+ [f@)dt+1=-6 =
[Pr)dt=-6-2-1=-9

(z)dx

f(z)dx

(z)dx
(z)dx

30. If f (z) = 2% + 22, =3 < 2 < 0, then f' (x) =20 +2 =0

when z = —1, and f (—1) = —1. At the endpoints,

f(=3) =3, f(0) = 0. Thus the absolute minimum is

m = —1 and the absolute maximum is M = 3. Thus

1[0 — (=3)] < [°, (2* + 22) dx < 3]0 — (=3)] or

—3<f x+2x)dx<9

(
M IFE <z <

32.For—1<2<1,0<z*<land1<+v1+z%<

11— (=1 < [, VItatde <2[1—(-1)]or

2< [T VI +atde <2V2.

2, s0



