4.2 Maximum and Minimum Values

SECTION 4.2 MAXIMUM AND MINIMUM VALUES

B Click here for answers.

1-4 i Sketch the graph of afunction f that is continuous on
[0, 3] and has the given properties.

1. Absolute maximum at 0, absolute minimum at 3,
local minimum at 1, local maximum at 2

2. Absolute maximum at 1, absolute minimum at 2

3. 2isacritical number, but f has no local maximum or minimum

4. Absolute minimum at 0, absolute maximum at 2,
local maximaat 1 and 2, local minimum at 1.5

5-18 1 Sketch the graph of f by hand and use your sketch to
find the absolute and local maximum and minimum values of f.
(Use the graphs and transformations of Sections 1.2 and 1.3).

5 f(x=1+2x x=-1

6. f(x) =4x—1, x<38
7.fx)=1—-x% 0<x<1
8. f(x=1—-x% 0<x=<1
9. fx)=1—-x% 0=x<1
10 fx) =1—x% 0sx<1
1. f(x)=1—-x% —-2<x=1
12. f(x) = |x|; —2=x=<1
(

13. f(x) = [4x — 1]; O0sx=<2
14. f(6) = cos(0/2); —mw<O0<m
15. f(0) =sech;, —w/2<60<m/3
16. f(x) =x°

17. f(x) =2 —x*

18. f(x)=1—¢e* x=0

19-34 mn Find the critical numbers of the function.
19. f(x) = 2x — 3x? 20. f(x) =5 + 8x
2. f(x)=x*—3x+ 1

23. g(x) = Vx

25. f(x) =5+ 6x — 2x°

26. f(t) =2t>+3t2+ 6t + 4

4. g(x) = |x+ 1]

22. f(t)=t>+6t2+3t— 1

B Click here for solutions.

27. f(x) = 4x3 — 9x?> — 12x + 3
28. S(t) =2t + 3t> — 6t + 4
29. s(t) = t* + 4t® + 2t?

30. f(r) = 31. f(0) = sin%(26)

33. V(X) = XX — 2

rz+1
32. g(0) = 6+ sin
34, T(x) = x%(2x — 1)%®

35-45 1 Find the absolute maximum and absolute minimum
values of f onthe given interval.

35. f(x) =x>—2x+ 2, [0,3]

36. f(x) =1—2x—x% [—41]
37.f(x) =x*—12x+ 1, [-3,5]

38. f(x) =4x3— 15x2+ 12x + 7, [0, 3]
39. f(x) =2x3+3x>+ 4, [-21]

40. f(x) = 18x + 15x2 — 4x°, [—3,4]
4. f(x)=x*—4x>+2, [-3, 2]

42, f(x) =3x>—5x°—1, [-22]

3. f(x) =x2+2/x, [ 2]

M. f(x0)=/9—-x2 [-1,2]

85. F(x) = X: o 1.2

{4 46. Use agraph to estimate the critical numbers of

f(x) = x* — 3x? + x correct to one decimal place.

/- 41. (a) Use a graph to estimate the absolute maximum and

minimum values of f(x) = x* — 3x® + 3x?> — xon the
interval [0, 2], correct to two decimal places.

(b) Use calculusto find the exact maximum and minimum
values.

48. Show that 0 is a critical number of the function f (x) = x> but
f has neither alocal maximum nor alocal minimum at 0.

49. Sketch the graph of a function on [0, 1] that is discontinuous

and has both an absolute maximum and an absolute minimum.
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Anstuers

I Clich here for exercises.
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43.

of 1 2 3 «x of 1 2 3 oz

. Abs. min. f(-1)=-1 6. Abs. max. f (8) =31
. None 8.Abs. min. f(1)=0 9.Abs. max. f(0)=1

Abs. max. f(0) = 1;abs. min. f (1) =0

Abs. and loc. max. f (0) = 1; abs. min. f (—2) = —3
Abs. max. f (—2) = 2; abs. and loc. min f (0)
Abs. max. f(2) = 7; abs. and loc. min. f ()
Abs. and loc. max. f (0) =1

Abs. and loc. min. f(0) =1 16. None

Abs. and loc. max. f(0) =2  18. Abs. min. f(0) =0

=0
=0

1 20. None 2. +1 2. -2++/3

0 2. -1 25. +1 26. None
-3.2  B.(-1£6)/2 2.0, (-3++5) /2
+1 31. nm /4, n an integer

(2n + 1) 7, n an integer 33.2 34.0,1, 2
Abs. max. f(3) =5;abs. min. f (1) =1

Abs. max. f(—1) =2; abs. min. f(—4) = -7

Abs. max. f (5) = 66; abs. min. f (2) = —15

Abs. max. f(3) = 16; abs. min. f(2) =3

Abs. max. f (1) =9; absmin. f(—2) =0

3) = 189; abs.min. f (—3) = -4

Abs. max. f )

Abs. max. f (—3) = 47; abs. min. f (+v/2) = -2

Abs. max. f(2) = 55; abs. min. f (—2) = —57

(
(
(
(
(
(
(
Abs. max. f(2) = 5; abs. min. f (1) =3

B Click here for solutions.

44. Abs. max. f (0) = 3; abs. min. f (2)
45. Abs. max. f(2) = 2; abs. min. f (1)

46. —1.3,0.2,1.1

27
256

V5

1
2

a7. (a) 2, —0.11 b2, —
29, y
0

S

X



Solutions
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Clich here for exercises.

I Click here for answers.

1 y 2 y 9
3,
’/\/
1,,
X 0 1 2 3 x 10
3. 4, Y
3,
24
L 1.
x 0 1 2 3 x
5. y f@)=14+2z,2> -1
Absolute minimum
f(=1) = —1; no local
minimum. No local or absolute 1
maximum. ’
; 0 X
—1,-1
6. ¥ fle)y=4r—-1,z<8.
304
Absolute maximum f (8) = 31, 13.
201 no local maximum. No local or
absolute mimimum.
10+
0 +
8 X
7. y f(@)=1-2%0<xz<1 No “
1 maximum or minimum. )
70 1 X
15.

o
.

f@)=1-2%0<z <1
Absolute minimum f (1) = 0,
no local minimum. No absolute
or local maximum.

le

f@)=1-20<z<1
Absolute maximum f (0) = 1,
no local maximum. No absolute
or local minimum.

f(z) =1-220<z<1.
Absolute maximum f (0) = 1;
no local maximum. Absolute
minimum f (1) = 0; no local
x minimum.
f(x)zl—xQ,—ngg 1.
Absolute and local maximum
f(0) = 1. Absolute minimum
f(—2) = —3; no local

fl@)=|z|,-2<z <1
Absolute maximum f (—2) = 2;
no local maximum. Absolute and
local minimum f (0) = 0.

fl@)=[4z—-1,0<x <2
Absolute maximum f (2) = 7,
no local maximum. Absolute and
local minimum f () = 0 since

|[4x — 1] > 0 for all z.

f(0)=-cos(0/2),
—m < @ < . Local and
absolute maximum f (0) = 1.

No local or absolute minimum.

f(0) =sech, -5 <0 < 3.
Local and absolute minimum
1 (0) = 1. No absolute or local

maximum.
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16.

17.

18.

19.

20.

21.

22

23.

24.

25.

26.

27.

MAXIMUM AND MINIMUM VALUES

Y f (x) = 2°. No maximum or

minimum.

f(x) =2 —2* Local and

absolute maximum f (0) = 2.

y
©,2)

f 0 X
¥ ox>0.

) (x)=1-¢
| Absolute minimum f (0) = 0,

No local or absolute minimum.

no local minimum. No absolute
4 5 6 7 + orlocal maximum.

0

f@)=2x-32 = f'(v)=2-62=0 &
x = 3. So the critical number is 1.
f()=5+8z = [f'(z)=80. No critical number.

f@)=2*-3z+1 =
f'(x) =32 —=3=3 (2 —1) =3(z+ 1) (—1). So
the critical numbers are +1.

F@ =t +6243t-1 =
J(t) =3t + 12t +3 =3 (¢ + 4t + 1) By the quadratic
formula, solutions are ¢t = —dEvI2 :I: = —24+/3. Critical
numbers are t = —2 &+ /3.
gngx:xl/g = J(x x 89 =

@ = ¥z (@) =4 = o
but ¢’ (0) does not exist, so z = 0 is a critical number.
g@)=lz+1 = ¢ (x)=1if z>-1,¢'(z) =-1if
x < —1,but g’ (—1) does not exist, so z = —1 is a critical
number.
f(x) =5+6x—22° =
f@)=6—622=6(1+2z)(1—=2x). f'(2)=0 =
x = =£1, so 1 are the critical numbers.
F@O =23 +3t2 +6t+4 = ' (t)=6t>+6t+6.

Butt? + ¢ + 1 = 0 has no real solution since
b2 —dac=1-4(1)(1) =

f(x) = 42® — 922

—3 < 0. No critical number.
—12z+3 =
I (x) = 122° — 182 — 12

=6(20" —32-2) =622+ 1) (z - 2)
f'@)=0 = z=
T = —%, 2.

—% ,2; so the critical numbers are

28.

29.

30.

31

32.

BV

34.

35.

36.

37.

s(t) =23 +3t> -6t +4 =

s'(t) =6t + 6t —6 =6 (1> + ¢ — 1). By the quadratic
formula, the critical numbers are t = (—1 & \/E_)) /2.

s(t) =t* 42 4262 =

s' () = 4t® + 126° + 4t = 4t (t* + 3t + 1) = 0 when

t =0ort? + 3t + 1 = 0. By the quadratic formula, the
critical numbers are t = 0, %@ .

F0) =5
0 (r2+1)1—r(2r) B —r? 41 B
FO=""Gry  “wryp °°

r?> =1 < r = =1, so these are the critical numbers.
Note that f' (r) always exists since 7> + 1 # 0.

1 (0) =sin® (20) =
1(8) = 2sin (20) cos (20) (2)
= 2(2sin 20 cos260) = 2[sin (2 - 20)]
= 2sin40 =0
(=0 <
So 6 = nm /4 are the critical numbers.
g@)=0+sin0 = ¢ (0)=1+cos0 =0
& cos@ = —1. The critical numbers are

sindd =0 < 40 = nm, n an integer.

0 =7+ 2nm = (2n + 1) m, n an integer.
(@)=2vz=2 = V'(2)=Vo-2+ ;7 \/_2

= V' (-2) does not exist. For z > 2 [the domain of

V' (2)], V' (z) > 0, so 2 is the only critical number.

T(z) =2* (22 —-1)"% =

T' (z) = 2z (22 — 1)*? + 2% (2) (22

T' (%) does not exist.

T (z) =2z (22 — 1) /3 (22 — 1+ 22)

=92z (20 —1) /3 (3z-1)=0 &

. So the critical numbers are x = 0

—1)"3(2). So

x:Oorxf and

1
. 3.and 5.
f@)=2>=22+2,0,3. f(z)=22—-2=0 <«

z=1 f(0)=2f(1)=1f(3)=5 Sof(3)=5 is

the absolute maximum and f (1) = 1 is the absolute

f@)=1-20—2%[-4,1]. ' (x)=-2-20=0 <«
z=—1. f(=4)=-7.f(-1)=2 f(1) = -2. So
f (—4) = =7 is the absolute minimum, f (—1) = 21is the

absolute maximum.

f(x) =2® —122 4 1,[-3,5].

(@) =32 —12=3 (2 —4) =3(x+2) (—2) =0
& =42 f(=3)=10,f(-2) =17 f(2) = —

1 (5) =66. So f(2) =
£ (5) = 66 is the absolute maximum.

—15 is the absolute minimum and



38.

39.

40.

1.

42.

43.

44.

45.

f(x) = 42® — 152 + 122 + 7, [0, 3).

Fi(x) =122 -30x +12=6(22—1)(z—2) =0 <
=132 f(0)="7.f(3)=2.r(2) =3.1(3) =16
So f(3) = 16 is the absolute maximum and f (2) = 3 the
absolute minimum.

f(z) = 22° + 322 + 4, [—2,1].
f(@)=62>+6x=6x(x+1)=0 & z=-1,0
F(=2)=0.f(=1)=5.(0) =4, f (1) =9. So

f(1) =9 is the absolute maximum and f (—2) = 0 is the
absolute minimum.

f(x) = 18z + 152% — 423, [-3,4].

f(x) =18430x — 1222 =6(3—2) (1+22) =0 <
z=3,—1. f(=3)=189, f(—3) = -2, f(3) =81,
f(4) =56. So f(—3) = 189 is the absolute maximum and

f(=3) = —12 is the absolute minimum.
(

f(x) =2 —42® +2,[-3,2].
f(x) =42® -8z = 4w (2> —2) =0 & x=0,£V2.
f

(23) = AT, (V) = ~2. (0) =2, F (V) = 2.
f(2) = 2,50 f (£v/?2) = —2 is the absolute minimum and
f (—3) = 47 is the absolute maximum.

f(z) = 32® — 52 — 1, [—2,2].

' (x) = 152* — 1522 = 1522 (z + 1) (z —1) =0 &
x=-1,0,1 f(=2) = =57, f(=1) =1, f (0) = —1,
f(1) = -3, f(2) =55. So f(—2) = —57 is the absolute
minimum and f (2) = 55 is the absolute maximum.

fx)=2%+ %, [£.2]. /' (z) =2z — = =2 =
s 2221=0 & (x—l)(x2+x+1) =0, but
22 +x+1+#0,s0 2 = 1. The denominator is 0 at z = 0,
but not in the desired interval. f (3) =47, f (1) =3,
f(2) =5. So f (1) = 3 is the absolute minimum and
f(2) = 5 is the absolute maximum.
f@)=vo—2%[-1,2. f'(z) = -2 /V/9—2% =0
s =0 f(-1)=2V2,f(0)=3,f(2) =5 So

1 (2) = /5 is the absolute minimum and f (0) = 3 is the
absolute maximum.

@) = o5 112

1 (x) = (x(er)l)?z _ o 1)2 #0 = no critical
number. f (1) =4 and f(2) = 2,50 f (1) = % isthe
— 2

absolute minimum and f (2) = £ is the absolute maximum.
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46. S

AN

-5
We see that ' () = 0 at about z = —1.3, 0.2, and 1.1.
Since f' exists everywhere, these are the only critical

numbers.

47. (a) 25

0 2
| |

—0.5
From the graph, it appears that the absolute maximum

value is f (2) = 2, and that the absolute minimum value
is about f (0.25) = —0.11.

®) f(x)=2*-32°> + 32> -2 =
(@) =42® — 922 + 62— 1 = (4o — 1) (x — 1)
Sof'(z) =0 = z=2orz=1
Now f(1) =14 =3-13+3-12-1=0
(neither maximum nor minimum) and
FH =@ =30 13(3) -1 -5
(minimum). At the right endpoint we have
F(2)=2*—-3-2%+3.22 — 2 — 2 (maximum).

8. f(z) =2° f'(x) =5z" = f'(0)=0s00isacritical
number. But f (0) = 0 and f takes both positive and
negative values in any open interval containing 0, so f has
neither a local maximum nor a local minimum at 0.

49. y

0 \/ X




