3.6 Implicit Differentiation

SECTION 3.6 IMPLICIT DIFFERENTIATION

B Click here for answers.

1-5 m

(@) Findy' by implicit differentiation.

(b) Solve the equation explicitly for y and differentiate to get y’ in
terms of x.

(c) Check that your solutions to parts (a) and (b) are consistent by
substituting the expression for y into your solution for part (a).

X2

+L -1

1. X2+ 3x+xy=5 2. )

2
1 1

2y +xy=x>+3 4, —+—=3
y Xy =X x 'y

5. x2+xy—y?=3

6-16 1 Find dy/dx by implicit differentiation.
6. y° + 3x%y? + 5x* =12
7. xX*+y*=16

y
X—y

8. =x2+1

9. x4/1+y+yJ/1+2x=2x
10. 2xy = (x? + y?)%/2

y2
:y271

13. V1 + x?y2=2xy

15. cos(x — y) = xe*

1. x2

12 Jx+y+xy=6

14. xsiny + cos2y = cosy

16. xcosy + ycosx =1

B Click here for solutions.

17. 1f X[ f(X)]® + xf(x) = 6and f(3) = 1, find f'(3).
18. If [g(X)]? + 12x = x%g(x) and g(4) = 12, find g'(4).

19-22 i Find an equation of the tangent line to the curve at the
given point.

19 Xy 1, (-52) (hyperbola)
"1 9 ™ va) (WP
Xz o y? )
0+ -1 (-1,4y2) (ellipse)
21. y*=x%2 - x) 22. x?y? = (y + D)*4 — y?)
1,1 ©, -2
(piriform) (conchoid of Nicomedes)
y
y
0 2 X ﬁﬁ‘x

23-27 m Find the derivative of the function. Simplify where
possible.

23. y = sin }(x?)
25. y = tan"Y(e¥)
27. y = x?cot %(3x)

24, y = (sin"x)?
26. g(t) = sin"}(4/t)
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Answers

I3 Click here for exercises.

L@y =-2x+y+ 3)/x
5
(b)y:;_x_gry,:_ 2_1
2X
2@y =——
@y y
b)) y==VE— 20y = T
' 4 — 2x2
., 2X—y
3'(a)y7x+4y

1
=1y + 2 = | =1 +
() y=3(-x= Jox7+ 24),y ( 1+ T

2

, y
@Y="z
X . 1
O Y= 1Y = -1
,_ 2X+y
5.9y 2y —x
1
(b) y=;(x¢¢5>@——12),y'=2<1¢
_20x° + 6xy? x3

5y* + 6x%y oye

5x

9x

4/bx2 — 12

)

)

B Click here for solutions.

9.

11.

14.

20.

23.

25.

27.

y
X

2—-J1I+y—-y/ N1+ 2x

X%+ 1— 2xy

+ _ 2
2(x — y)* or 712

3X(x? + yA)¥2 — 2y

T+ 2x+x/(2y1T+y) T 2x — 3y(x? + y?)?
XY, VYt
y Xy Xty
S g5 SUEY
2sin2y — x cosy — siny sin(x —y)

ysinx — cosy

: 17. -1 18 2
cosx — xsiny

1
y—ﬁ(x+9) 21. y=x 22.y= -2

, . 2x 0. v — 2sin"'x
y 1—x4 Y JI—x2
L T — -
Y =q e A T
3x?
'=2xcot'(3X) —
y'=2xeot (30— g

19.y=—3

X—4



Solufions
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Clich here for exercises.

L@a>+3z+ay=5 = 2x+34+y+ay' =0 =

,7_2x+y+3
o T

(b)x2+3x+xy:5 =

5—2>—3z 5 5
y=—————=———x—-3 = y*——z—
X X X
2x +vy + 3
(C)y/:_iy
X
 —2x—-3—-(-3—-x+5/x) 1 5
o T o 2
2 (a)””—2+y——1 o ety 0 o oy
Wy oY = v==
WL - L ga?
4 2
= y==3V4-222 =

1 2z
=t (—4x) =
Y 2/4 — 2x2 ( )= F 4 — 2x2
,  —2z —2x 2x
O — -
Y +v/4 — 222 V4 —2x2

I Click here for answers.

3. @2 tay=2"+3 = 4dyy' tytay =20 =

,:2x—y
x + 4y

(b) Use the quadratic formula:
2y2+xy— (x2+3) =0 =

 —xE /2?24 8(x2+3) —x++0922+24
v= A - A
1 9z
= y=-(1x——=_
Yy ( V9z2 +24)
© 2x_y72x—711(—x:|:\/9x2+24)
y T+ 4y T+ (—gy:l:\/gx2 +24)
1 14 9z
4 V922 424
1 1
b (a)= - —3 - Eypo = o =
1 1 3z—1 T
®) ; VT x Y 3x—1
,:(3x—1)—(x)(3):_ 1
3z —1)° 3z —1)°
)y = I it
2 x2 (3z —1)°

5. @2 tay—y? =3 = 2rtytay -2y =0 =
2 +y
"
yiQy—x
(b) Use the quadratic formula: y? — xs + (3—x2) =0 =
1 y:%[x:l: —4(3—x2]:%(x:|:\/5x2—1)
1 5x
= y==(14 —
Y 2( 5x2—12)
© v 2x+y 2+ 3 (z+vba?—12)
C — —
Y 2y —x rEvVbr? —12—x
Ly s
2 Ha2 — 12
6. y° + 3222 + 52t =12 =
yiy' + 6zy? + 62%yy’ +202° =0 =
,7_20x3+6xy2
5y4 + 622y
23
1.8 +y* =16 = 428+ 4% =0 = y’:__3
Yy
8. Y —224+1 =
-y
op . =Y —y(l—-y) ay'—y
(z—y)°  (r—y)’

/ y 2
=2 1 9(x —y)>
y= (x—v)

Another Method: Write the equation as
y=(z—vy) (x2 + 1) =%+ z —yaz? —y. Then
;L 3z +1—2ay
B x2+ 2 ’

. x/1+y +y\/1+2x:2x =

Vitytx + 4’1+ 2x +
\/Ty Yy y 1oz
- AFy- —2L
y2 - y/* \/1+2
2 B
V142 4+ ——
\/1+
10. 22y = (x2+y2)3/2 =
2y + 2xy' = 2 (x2 erQ)l/2 2z +2yy') =

1/2 _9y

, 3z (x2 +y2)
- 1/2

2z — 3y (22 + y?)
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1M, z° = =
y?—1
9y v -2y v () 2y
(y> - 1) (y2 - 1)?
2
[ _x (y2 - 1)
” A
Another Method: Write the equation as x° (y* — 1) = 3.
2
This givesy' = xz iz Iy
Yy —y

1. ety + Joy =6 =
T+y) Py i) Pt ay) =0=

(Z’+y)71/2+(z+y)71/2y/

T (xy)71/2y+ (zy)71/2 ,Z'y/ -0

y = @ty Pt @) Py (@t y) (@)
(z+y)71/2+(xy)71/2x (z+y)1/2 (Z’y)l/Q

_\/nyry\/ery
VY + /Tty

13. /1 + 22y?2 =22y =
(14 ay?) VP (2 2gy oy 20) = 2(ay Fy- 1)

2x2y , Qxy2 ,
+ =2xy' +2 =
24/1 + x2y? 24/1 + 2292
2 2
i 'y xy
Y| —— -2z | =2y - ———
(\/1+x2y2 ) V14 x2y?

=

2Py =221+ 222\ 21+ 22y — ay®
Y 1+ 222 o Vltay?

y = 2y\/1+22y2 —ay® Y (2 1+ z2y? —xy)
2%y —2x\/1 + 2%y? x(zy—Q\/lerzyQ)

Yy

x

Another Method: Since 1 + z*y? is positive, we can square
both sides first and then differentiate implicitly.

14. zsiny + cos2y = cosy =
siny + (zcosy)y — (2sin2y)y’ = (—siny)y’ =
siny = (2sin2y)y’ — (zcosy)y' — (siny)y’ =
, siny

- 2sin2y — xcosy — siny
15. cos (x —y) = ze® =
—sin(z—y)(1—9') =ze* +€&* =
(x+1)e”

_ (x+1)e”
sin (z — y)

11—y =
Y sin (z — y)

= ¢y =1

20.

21.

22.

23.

. Tcosy +ycosx =1 =

cosy + x (—siny)y +y' cosx —ysinz =0 =
, _ ysinx —cosy
" cosx — xsiny

. x[f(x)]3 +af(r) =6 =

[f (x)]3 +3z[f (gy)]2 '@+ f@)+zf (z)=0 =
Fa) = - @) + f (x)

3z(f (@) + =
vy (P41 1
R TE YT LR B

. (g (gy)]2 + 122 = 2?g(z) =

2¢ () ¢' (x) + 12 = 2zg (x) + 2°¢’ ()

2zg (z) — 12
s g@)="2F =
g({E) 2g(:£)—:£2
2(4)(12)—12 21
g (- 22 2
2(12) — (4) 2
2 4P x 2y 9z
L =] = Z- =0 = ¢ =—.
169 8 9 Y " 16y
9(-5
Whenx:—Sandy:%wehavey/:ﬁ:—L—iso
an equation of the tangent is y — 2 = —3 (z + 5) or
y:—%x—él
2 4P 20 yy' , 4z
ER A R T v
4(-1) 1
Whenz = —1 andy = 4v/2 we havey’ = — =—
Y =4V2 Yy YN RN

so an equation of the tangent line is y — 4+/2 = % (x+1)
ory = (z+9).

y? =2 (2—12) =22° — 2*

;L 3a? — 223

= 2y =6z —42°

= . Whenx =y =1,

3 —2(1)°
1
sy—1=1(z—1)ory ==x.

= 1, so an equation of the tangent line

o2 = (y+ 1) (A—?) =

2ay? +220%yy' =2 (y + 1)y (4—v?) + (y + 1) (—2u)
xy?

W+ A=y —yy+1)* —a%y

x = 0. So an equation of the tangent line at (0, —2) is

y+2=0(x—0)ory = -2

= 0 when

y' =

y = sin~? (xQ) =

y:md—x(“:%m



2. g(t) = sin™* (%) =

¢ (1) = ——— ( 4) S S~
= —) ==
1— (4/t)° t Vit —16t2
7.y =x’cot ' (3z) =

o —1 9 1
y' =2zcot™ (3z) +x {—m} (3)
322

— 2z cot ! (3z) — 7022

SECTION 3.6 IMPLICIT DIFFERENTIATION (1 5



