3.5 The Chain Rule

SECTION 3.5 THE CHAIN RULE

B Click here for answers.

1-4 1 Write the composite function in the form f(g(x)). [Identify
the inner function u = g(x) and the outer function y = f(u).] Then
find the derivative dy/dx.

l.y=(x*+4x+ 6)° 2. y = tan 3x
4 y=Y1+x3

3. y = cos(tan x)

5-32 i Find the derivative of the function.
5. F(x) = (x® — 5x)* 6. f(t)=(2t2+6t+ 1)°®

1
= 2 - - @
7. g(x) = /x? — 7x 8. f(t) -2t 5
1) 1
9. hit) = (t— = 10. y=sn—
(t) <t t> 0. y=sin -
1. G(x) = (3x — 2)2%5x* — x + 1)*?
12. g(t) = (Bt + 5)%t° — 7)*
_[y—-6) o tt+1
13. F(y) (y " 7) 14. s(t) Fepy
15, f(5) = o 16, f(x) = ———
N T o1 ' J7 - 3x
17. y =5 18. y =1+ 2tanx
19. y = sin®x + cos 20. y = sin’(cos kx)
— e3>< _ Absing
21.y—1Jrex 22. y=e
23. y= (sin\/x2 + l)ﬁ 24, y = cos*(cosX) + Sin*(cos X)

25. f(x) = [x*+ (2x — D®]® 2.

(1R
27. y—co§<l+ \/;> 28.

29. p(t) = [(1 + f) + 3t}

30. N(y) = (y + ¢y + 2y —9)°

g(t) = J(1 — 34 + t4
y =+/1 + tan(x + (1/x))

B Click here for solutions.

31-37 i Find an equation of the tangent line to the curve at the
given point.

8
31. Y*ﬁ, 4,2
32. y=sinx + cos2x, (/6,1)
33. y=10% (1,10

M. y=(x3—x*+x— 1Y,

35. y=x + @/%, (1,42)

(1,0

36. y= (21 _2)

X
B —x)’
37. y=cot?x, (w/4,1)

38-41 m Find f’ and state the domains of f and f'.
38. f(X) = x?sec?3x

39. f(x) = siny/2x + 1

40. f(x) = y/cosx

41. f(x) = cosy/X + /cosx

42-43 i Find dy/dx.

2. y=\t—1t, y=1"—1 43. x=tInt, y=sin’t

44-47 i Find an equation of the tangent to the curve at the point
corresponding to the given value of the parameter.

M.x=1*+1, y=t*—1t; t=0
45. x = tsint,
46. y=1>+1, y=+t; t=4

47. x = 2sin 6, 0= m/4

y=tcost; t=

y = 3 cos b,
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Answers

I3 Click here for exercises.

1. 10(x% + 4x + 6)*(x + 2) 2. 3sec? 3x

X2

4 1+ x3%°
5. F'(x) = 4(x® — 5x)%(3x? — 5)
6. f'(t) = —16(2t> — 6t + 1) °(2t — 3)

3. —sin(tan x) sec?x

X =7 8(1 —
7. g/(X) =#\/ﬁ 8. f/(t) =ﬁ

9. h'(t) = 3(t — 1/0)¥2(1 + 1/t?)
, 1 1
10. y' = v cos;

11. G'(x) = 6(3x — 2)%5x? — x + 1)*(85x% — 51x + 9)
12. ¢'(t) = 12L(6t2 + 5)%t° — 7)3(9t3 + 5t — 21)

= 320~ 67
13. F'(y) = y + 7
, 1/e+1 Y -3
1. 50 _2<t3 +1 ) (t3 — 1)2
14 — 3x
’ _ _2 _ —6/5 ’ —
15. f'(2) (22 -1 16. f'(x) 27 ="
sec?x
1.y =5(In5)/x* 18y = ————
y' =8NS By = e e
19. y = 3sinxcosx (sinx — cosx)
20. y' = —ksin kx sin(2 cos kx)
. 3™ 4 2™ . ansy
2.y = 1+ ey 22. y' = 5cos(560)e

2
5.4 COSYyX2 + 1

23. y' = /2x(sinyx? + 1) N
25. f'(x) = 9x® + (2x — 1)°J3(9x* — 8x + 2)
26. g'(t) = [(1 — 3t)* + t*]¥*[t® — 3(1 — 3t9)]

7.y = ﬁ(li N S'”(i : g)c"s(i : ﬁ:)

2 _ 1
(x 1)sec2<x+ x)

y =
1
2x24 1+ tan(x + x>

4.y =0

28.

B Click here for solutions.

29. p'(t) = —2[(1 + 2/ + 32t + 22 + 3]

30. N'(y) = 8(y + Iy + y2y - 9)’
[l +3(y + «/ﬁ)m(l + ﬁ)]

y=—2x+4 2y=-Px+1+7

33. y=10[(x — 1) In10 + 1] 4. y=0

3/.y=+2 36.y=39%x—8 37.4x+y=m+1
38. f/(x) = 2xsec?3x (1 + 3xtan 3x),

{x|x #(2n — 2)g, nan integer} (both f and ')

39, f/(x) = %

dom(f) = [—% %), dom(f') = (3, )
vy Snx

40. f(X) = 4&\/@1

dom(f) = {x|0 < x=< 7w?/4or
[(4n — D7/2]?> < x < [(4n + 1)7/2]?
forsomen €{1,2,3,.. .}},

dom(f') = {x|0 < x < #¥40or
[(4n — D7/2]? < x < [(4n + 1)7/2]?
forsomen €{1,2,3,.. .}}

) siny/x sinx

A 1=~ 2Jx  2/cosx’

dom(f) = {x|0<x=< m/20r
4n—Dm/2<x<(@4n+ Dm/2
forsomen=1,2,3,.. .},

dom(f') = {x|0<x< w/20r
@4n—Dm/2<x<@n+ Dm/2
forsomen=1,23,...}

@3t — 1)(24) 2sintcost
1-2t " 1+ Int
45. y=.x—m Bb.y=s5x+3 4l.y=—3x+3/2

42. 4. y= —x



Solutions
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Clich here for exercises.

10.

.Lletu=g(z) =2 + 4z +6andy = f (u) = u®.

Then
dy _ dydu

(k4
dr  dudxr (5u”) (2 +4)

— 5(x2+4x+6)4(2x+4)

— 10 (2 + 42+ 6)" (z +2)

. Letu = g(x) =3z andy = f (u) = tanw. Then

% — %Z_u — (sec2 u) 3)= 3sec? 3.
o w dx

. Letu =g (z) =tanzandy = f (u) = cosu. Then

dy _ dydu
de  dudx

.Letu =g(z) =1 +2°andy = f (u) = u'/3 Then

dy  dydu | 93, 2
dr  dudr 3" (3x )
2
3\ —2/3 2 X
= (1+{£ ) — 7(14»553)2/3

(x3 - 5%)4 =
/ 3 3d 3
F'(z) = 4(2” — bx) Tn (2° — bx)

— 4(2® —52)" (327 = 5)

)= (22 —6t+1)° =

J1(t) = =8 (26 —6t + 1) " (4t — 6)

— —16(2° —6t+1) " (2t —3)

Lg(x) = Va2 =Tz = (x2—7x)1/2 =

20 — 7
2Vx? —Tx

g () =% (2* — 7%)71/2 2z —17)=

. o 1 o 2 _ —4
.f(t)fi(ﬁ_%_wf(t 2t — 5) =
f’(t):—4(t2—2t—5)’5(2t—2):%
Ch(t) = (t—1/1)%? =
) =3 =1/t (1+1/12)
Yy =sin— = y/:cosl(—é)*—%co%é

= (—sinw) (sec2 ,CL') = —sin (tanx) sec? z.

I Click here for answers.

N.Gx)=@Br—2)" (52 -z +1)? =
G (z) = 3z —2)'°(12) (52° =z + 1) (102 — 1)
+10(3z—2)° (3) (527 —x +1)"°
= 6322 (52> —z+1)"
[2(3z — 2) (102 — 1) + 5 (5a® — 2 + 1)]
— 6(3x—2)° (52° —z+1)"" (852% — 51z 4 9)
12. g (t) = (662 +5)° (* = 7)" =
g (1) = (6622 +5)° (@) (¢ = 7)* (36
+3(662+5)° (120) (£ = 7)"
— 12t (662 +5)° (£ = 7)" [t (662 +5) + 3 (¢* — 7)]

12¢ (6t% +5)% (£ —7)° (9% + 5t — 21)

12 F (y) = (ﬂ)

vT
von o fy=6\ (7)) = (y—6)(1)
F(y)*’g(y”) (W +7)

3(y—6)2 13 39@y—6)°
y+7) w+n? w+ 1)

2 1) TR (8 — 1) — (€% + 1) (3t2)

(2 - 1)?
—3/4 —3t2
= 1) - 1)’

5. f(2) = (22-1)""° =
o) ==t @ —1) (@) = —2 (22— 1) O

m\
—
~
N—
|
=

N[ =

A~/
H.w
+
—

Lo T3z —x(3)(7-3x)"/?(=3)
F ) = 7 -3z
1 3z 14 — 3z

= + or
VT—=3z  2(7—3x)*?  2(7-3xz)%?
17. Using Formula 5 and the Chain Rule, y = 57/ =
y' =51*(In5)[-1- (—z?)] =5 '/ (In5) /2’

18. y = 1+ 2tanxz =

SGC2 xX

Vv1+2tanz

y =301+ 2tanz) /% 2sec? x =
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19. y = sin® z + cos’r =

! .2 2 .
y = 3sin“ zcosz + 3cos” z (—sinx)

= 3sinzcosz (sinz — cosx)

20. y = sin? (cos kz) =
y = 2sin (cos kx) cos (cos kx) (— sin kx) (k)

= —ksinkzsin (2 cos kx)

21 = e =
YT + e
, 3631 (1 + ex) _ e3x (ex)
Yy = 2
(1+e7)
B 3e3x+3e4x_e4x 736314“2641
(1+e)? (1+e)?
2.y =% =y’ = 5cos(50) esnY

23. y = (sin a2 + 1)\/5 =
Vi
y/ = \/i(sin 2 + 1) o (cos 2 + 1)
(5) (* +1) % (20)

2+ 1

V2-1 cos
= \/ix (sin 2 + 1) cos
2+ 1

2. y = cos® (cosx) +sin (cosz) =1 = y =0

25. f(x [z3+ 2x—1)3]3 =
f (@) = 3[«° + (20— 1)%]” [32% + 32z — 1)? (2)]
-9 [x3 + (2z — 1)3]2 [9x2 — 8z + 2]

6. g(t) = /(1—30)" +t* =

o (1) = [ -30" 4] 40— 30° (-3) + 4]
= [(1=30)" + 1] [ =3 (1-3¢%)]
2 (1=VE
27. y = cos (1+\/5)
"= 3 1_\/5 —1)sin 1_\/5
Y —2C()b(1+ﬁ)( 1)« (1+\/5)

Yy
2,/1+ tan (er—)
x
2 2 1
(:E —1)sec (m+—)
_ x
1
222, |1+ tan (z+—)
x
2\ -
.p(t) = (1+¥) + 3t =
-3
2\ ! 9\ 2 9
! t) = =2 1 — 3t —(1 = _= 3
0] (+t) + [(+t) (t2)+
2\ -
= -2 (1+;) +3t]  [2(+2) % +3]
0. N (y) = (v + W)
1/3) 8
{ oo P
7
~a(v+ i+ vars)
—2/3
+4 (v v2y—9)
[ae- m“%ﬂ]
7
= 8(y+ \ y+\/2y—9)
-2/3 1
1+ 2 2 —9 14—
13 (v (1 )
3.y =f(r) = L _ - 8(4+3z) " =
V4 + 3z
f(x) =8(=1) (4 +32) ¥ (3) = —12(4 + 32) ¥/°.
The slope of the tangent at (4,2) is f' (4) = — £ = -2
and its equation isy — 2 = —= (x 4)oryf_%x+%A
32y = f(z) =sinz + cos2z =
J' (z) = cosz — 2sin 2z. The slope of the tangent at (g, 1)
is ' (£) = 4 - (@) — —¥3 and its equation is
y—1=—2 (z—Z)orvBz+2 =2+ Lr.
33 f(z) =10 = f'(z) = 10"1n10, so the slope of the

tangent at (1, 10) is f’ (1) = 101n 10 and an equation is
y—10=10In10(z —1)ory = 10[(z — 1)In10 + 1].



34.

35.

36. y

37.

38.

y=f(z)= (-2 +x—1)10 =

f'(x)=10 (x — ¥ tx— 1)9 (39E2 — 2z + 1)A The
slope of the tangent at (1,0) is f' (1) = 0 and its equation is
y—0=0(zx—1)ory =0.

y=[f(x) =yz+1/z =

§ ) 1\ ~1/2 1
') =5 x+; 1—— . The slope of the

tangent at (1, v/2) is f' (1
y—ﬂ:O(z—l)ory:x/i

) = 0 and its equation is

J(z) = 7( 327
‘ooy = (3—2%)° (1) —x(5) (3 —2?)" (—22)
I (@) B 22"
_ 9z 3
(3 —2?)°

The slope of the tangent at (2, —2) is f' (2) = 39 and its
equationisy + 2 = 39 (z — 2) or y = 39z — 80.

y=f(x) =cot’z =
y' = 2cotx (— esc® z) = —2cot z csc® x. The slope of the
)is f'(§) = —2( 1)(\/_) = —4 and its

tangent at (%, z
—A(x—f)ordr+y=m+1

equationisy — 1 =

f(x) =a?sec?3z =

I (z) = 2xsec® 3z + x* (2sec3x) (sec 3z tan 3x) (3)

40.

= 2z sec” 3z (1 + 3z tan 3x)
Domain of f = domain of ' = {x | cos 3z # 0}

={x|z# (2n—1) £, naninteger}
f(z) =sinv2x+1 =
(@) = cos 2T T T ! _cosv2rtl
f'(x) = cos 2x+1(2\/2—+) (2) = NorEiih

Dom (f) = {z |22+ 1> 0} = [—3,00).
Dom (f') = {z | 2z +1 > 0} = (—3,00).

f(z) =+/cos/Jz =
I (@) = 5 (cos \/5)_1/2 (—sinvz) (3) z /2

_ sln\/_

4\/_\/0(»

Domain of f = {x | z > 0 and cos /z > 0}
:{z|0§z§%20r [(4n—1)§]2§z
< [(4n+ 1)%]2 for some n € {1,2,3,...}}
Domain of f' = {z | > 0 and cos /z > 0}
:{z|0<x<”7zor [(4n—-1)%)? <2

< [(4n+1) £]* for somen € {1,2,3,...}}

4.

42,

43.

44.

45.

46.

47.
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f(x) = cosv/x +
1 (x) = —sin
sin\/z sinz
2v/x  2\/coszx
Domain of f = {z | z > 0 and cosz > 0}
={z|0<z<Zor(Un-1)5 <=
< (4n+1) 5 forsomen € {1,2,3,...}}
Domain of ' = {z | z > 0 and cosz > 0}

cCOsSxT =

x%xﬂm +3 (cosz) *? (—sinz)

={z|0<z<Zor(dn-1)5 <z
< (4n+1) % forsomen € {1,2,3,...}}

c=Vi-ty=1t2—t = L_32_1,

dt

dx 1

— = —— —1,and

dt 24/t

dy _ dy/dt _ 3t°—1

_ (382 - D(2VA)
dr — dax/dt — 1/(2v) —1

1—2v1

. d .
z=tlnt,y =sin’t = d_?i = 2sintcost,

dt t
dy dy/dt

dr = dx/dt

dx —t(l) + (Int)-1=1+Int,and

2sintcost
1+Int

Y _gp g 2

=24+ t,y=t>—t;t= =
I thy 0 Gt Tt

2 + 1,

dy dy/dt 2t —

T dejdt 2t—|—1

.Whent =0,z =y =0

and Z—y = —1. An equation of the tangent is
x
y—0=(-1)(z—0)ory = —z.

d,
r =tsint,y =tcost;t = m. d—? = cost — tsint,

cost —tsint
sint +tcost’

dx dy dy/dt
7 =sint + tcost, andda: dm/dt_

When ¢t = 7, (z,y) = (0, —7) and Z—y =— - l, SO an
T

r -
equation of the tangentisy + 7 = 2 (z — 1) ory = Lz — .
dy 1 dx
= +ty=Vht=4 2 =—, — =
x +ty= Vi dt ~ ovi dt
@:dy/dt: 1 . Whent = 4,
dx  dz/dt 2f(2t+1)

() = @

1sy—2_

(20,2) and s0 an equation of the tangent

1
T 36’
(w—20)0ry— =z + 2

dx

x =2sinf,y = 3cos0; 0 = 7. - 2cos b,

dy . oo dy _ dy/df
a0~ oSO G = e

(z,9) = (\/_ 22

the tangent is y —

3 _
= —3tanf. When 0 = 7,

,and dy/dx = —2, so an equation of

£ S

= —%(33—\/5) ory=—3z+3V2.



